Contents

PartI Basics

1 Basics AboutGraphs ............ . ... . ... . . . . . i 3
1.1 TheLanguageof Graphs................cooiiiiiiiinnnnnnnnnn 3
1.1.1  Connectedness and the Distance Metric................ 4

1.1.2 Subgraphs ......... ... . 5

1.1.3  Special Types of Graphs and Subgraphs ............... 6

1.1.4  Metrical Properties of Subgraphs ..................... 9

1.2 Morphisms of Graphs ............. ... i 14
1.2.1  BasicDefinitions.................iiiiiiiiiiiinnen 15

1.2.2  Fiberings, Covering Morphisms, and Lifts of Walks ..... 16

1.2.3  Universal C-COVers......oviuuunnit i 18

1.3 C-HOMOOPY ottt et it ettt ee et e eeaneeanaes 19
1.3.1  Further Properties of the Closure Operator on Circuits ... 21

1.3.2  Control of C-Connectedness Through a Subgraph ....... 24

1.3.3  Tits’ Condition for Being Simply C-Connected. ......... 26

1.4  The Existence of Universal C-Covers .............c.cceuueeenn 31
1.4.1  C-Connectedness and Subgraphs...................... 33

142 The Construction .............oivuiiinnnennnneannnnns 34

1.43  Deck Transformations ............c.oovveninnunnnnnnn 36

1.5  ExercisesforChapter 1 ............ ..., 37
1.5.1  Exercises forSection 1.1 .. .. ... .................... 37

1.5.2  ExercisesforSection 1.2 ........ ... ... it 40

1.53 ExercisesforSection 1.3 ...... .. ... ... .. ... ... 41

2 Geometries: BasicConcepts ...................... ..., 43
201 Introduction ......... ... ... 43
2.2 Geometries: Definitions and Basic Concepts ................... 43
22.1 BasicDefinitions. ........ ... ... 43

222 Subgeometries. . ...ttt s 44

223 Truncations ... .......c..eieiiviininenneennnnnannns 44

224 Point-Line Geometries . ........covinrenieeenennnnnss 45

xi

Bibliografische Informationen digitalisiert durch E'.]ll L
http://d-nb.info/1005454388 iAB“.I

HE|
E


http://d-nb.info/1005454388

xii

Contents

225 FlagsandChambers .......... ..., 45
226  ReSIAUES. ..ottt 45
2.277  The Interplay of Residues and Truncations ............. 46
228  Shadows........cevviiiiieenniiiii i 46
23 EXampPIeS .. ..ot e 47
24  Morphisms of Geometries. . ..........ooiiiiiiiiiiiiiiiiia 50
241 Definition. ... ..o 50
242  AutomorphiSms. ..........cccoiiiiiiiiriininnanennn 50
2.43  Morphisms Defined by a Group of Automorphisms...... 52
24.4  Truncations and Morphisms .................. ... ... 53
24.5 Residuesand Morphisms............................ 53
2.5 Connectedness Properties ...........c.oovviiiieneiiiiienana 54
25.1 Residual Connectedness. ..., 54
26 ExercisesforChapter2 ........ ..., 57
Point-Line Geometries ................ . .. .. o i, 59
3.1 Introduction .........c..eeiiiiiiiii i e e 59
3.1.1  On Choosing a Reasonable Definition ................. 59
3.1.2  Our Definition of Point-Line Geometry ................ 60
3.2 The Point-Collinearity Graph . . . ..........oviiiiiiiiiin 61
3.3  Morphisms and Covers of Point-Line Geometries ............... 61
34 SUDSPACES .. ittt e 62
34.1 Generalizations of the Notion of Subspace ............. 65
3.5 Special Types of Point-Line Geometries . ...................... 66
3.5.1 Partial Linear Spaces and Linear Spaces ............... 66
352 Gamma SPaces . ........eiiiiiiiiii e 66
3.6  Local Connectedness in Gamma Spaces . ............ccoeeennn.. 67
3.6.1 The Decomposition of a Gamma Space into Locally
Connected Components ...........cceeeeeiinnnnnnnns 68
3.6.2 How Local Characterizations of Gamma Spaces Reduce
to the Locally Connected Case...............c.c.ocoe.. 69
377 Enriching Geometries .........ovvirienrnnnneneaninanannnns 70
3.8  Products of Point-Line Geometries, a Construction . ............. 71
3.9  Exercises and Examples for Chapter3 ........................ 72
Hyperplanes, Embeddings, and Teirlinck’s Theory ................ 79
4.1  Veldkamp Spaces .. ....couviiiiiii et 79
411 Introduction.............ccvviriiinrreineneneennnn, 79
4.1.2  Geometric Hyperplanes ..............ccoveenenennn., 80
4.13 The VeldkampSpace ............ccoviiiieinnnennenn. 81
42  Teirlinck’s Theory ... ..ottt ii i eeeenees 82
42,1 TheHypotheses. .......oouiiuivirnneinenaianeaneans 82

422  The Exchange Property in Closed Sets................. 83



Contents

xiii
4.2.3  To What Extent Does H Separate Points? .............. 84
424  The H-Closure of Two Inequivalent Points ............. 85
425 TheNatural Morphism...............cooiiiio... 86
4.2.6  Singular Subspaces are Generalized Projective Spaces ... 87
4.3  The Effect of Teirlinck’s Theory on the Veldkamp Space ......... 89
43.1 TheVeblen Axiom .........c.ccoiiiiiiiiiienenn.., 89
4.3.2  The First Reason Why a Veldkamp Space Might
be aProjective Space. .....ccoiiiiiiiii i, 91
4.3.3  Another Reason why the Veldkamp Space Vy; Might
be a Projective Space. . .....coooiiiiiii i, 93
4.4  The Connections Between Projective Embeddings
and Veldkamp Spaces ......... .o 94
4.5 Teirlinck’s Theory and Embedability into the Second
Veldkamp Space ..........oiieiiiiiiiiiiiiiiii e 96
4.6 ExercisesforChapterd ..........cccoviiiiiiiiiinaannenn.. 98
4.6.1 Exercises on Geometric Hyperplanes.................. 98
4.6.2 Exercises Relating to Veldkamp Spaces................ 100
4.6.3 Exercises Relating to Teirlinck’s Axioms .............. 101
Part I The Classical Geometries
5 ProjectivePlanes ......... ... .. ... ... i, 105
5.0 Introduction ...l e 105
5.2 The Axioms for a Projective Plane...................... ... .. 106
53 AffinePlanes ........... ... 109
54  The Relation Between Affine and Projective Planes ............. 111
5.5 TranslationPlanes ............. ..ot 112
551 Introduction.............cceeiiiiiiiiiiiiiiiiienn. 112
5.5.2  Translation Planes from Groups ...................... 113
5.53 EndomorphismRings................cooioiiint, 115
554 TheKernelof (G,8) ...coviiiiiiiniiiiiiiiin. 116
5.5.5 A Short Course on the Klein Correspondence . .......... 118
556 OvoidsandSpreads ................coiiiiii., 119
5.6  Recognizing the Classical Planes . .............c..ooviiinn.. 120
5.6.1 Perspective Collineations . .................coviuan.. 120
562 TheMoufangCase .........covvviinennnnnnnnnnnnnn, 123
5.63 TheDesarguesianCase ..............ccieiiiiiinenn. 124
5.64  The Proof of Theorem 5.6.8 ......................... 126
577 AppendixtoChapter5 ..........ooiiiiiiiiiiiiiiiiiaeas 127
57.1 Introduction.............ccciiiiiiiiiiiiiiiiiiiia 127
5.7.2  Planes from Ovoids: A Den of Ubiquity ............... 128
5.8 Exercises forChapter5 ...........coiviriiiiiinernananennn 133



xiv Contents
6 ProjectiveSpaces ................. i il 135
6.1 Introduction ................ .. 135
6.2  Basic Properties of Projective Spaces and Their Partially Ordered
Systemsof Subspaces ............. il 136
6.2.1  The Definition of a Projective Space .................. 136
622 Matroids. ... 138
6.2.3  The Matroid of a Projective Space .................... 140
6.3  Subplanes of Larger Projective Spaces ........................ 141
6.4 Embedding Three-dimensional Projective Spaces ............... 143
64.1 AffineSpaces ....... ..., 143
6.4.2  The Classical Affine Space AG(n, D) ................. 145
6.4.3  Completing an Arbitrary Affine Space to its Associated
Projective Space. ... 147
6.5 Embedding Three-dimensional Projective Spaces,
Some of Whose Planes are Classical .......................... 148
6.5.1 Introduction...............iiiiiiiiiiiiiinaniinn.. 148
6.5.2  Synthesizing Coordinates: A BasicLemma............. 148
6.5.3 Coordinatizing P Minus a Desarguesian Plane .......... 149
6.6  Extending Projective Embeddings of Projective Spaces .......... 153
6.7 The Main Theorem: All Projective Spaces of Projective
Dimension at Least Three are Classical ....................... 155
6.8  The Fundamental Theorem of Projective Geometry ............. 158
6.9  Three Technical Results Concerning Projective Spaces. .......... 160
6.10 ExercisesforChapter6 ..., 163
6.10.1 Exercise on the Definition of Projective Space .......... 163
6.10.2 Axioms of AffineSpace.......................... L. 163
6.10.3 Simple Results on Embedded Projective Spaces ......... 165
T Polar Spaces . ...........i i e 167
7.1 Introduction ........... ... ..t 167
7.2 Generalized Quadrangles ................. ..o ool 170
7.3 Basicsof Polar Spaces. ..........coiiiiiiiiiiiiiiii, 173
731 Definition. ... 173
7.3.2  Opposite Lines and the Radical .. ..................... 173
7.3.3 TheBasicMorphism ............c...cv i 174
7.3.4  Basic Properties of Non-degenerate Polar Spaces........ 175
7.3.5 TheRankofaPolarSpace........................... 176
7.4  Oriflame Polar Spaces of Rank Three ......................... 178
7.5  Further Properties of Abstract Polar Spaces .................... 182
7.5.1  Geometric Hyperplanes of Polar Spaces ............... 182
7.5.2  Hyperplane Complements in Polar Spaces
of RankatLeast Three ...............c.coievien.. 184

7.5.3  Automorphisms of Non-degenerate Polar Spaces . ....... 186



Contents XV
7.6  The Classical Polar Spaces ..., 192
7.6.1  Morphisms from a Projective Space to Its Dual,
or Where Sesquilinear Forms Come From ............. 192
7.6.2 Quasi-Polarities. ..........ccoiniiiieiiiiiii .. 195
7.6.3  The Relation Between Quasi-Polarities
andReflexive Forms ......... ... .. .. ..ol 197
7.6.4  Admissible Pairs and Gramm Matrices ................ 202
7.6.5 PseudoQuadraticForms............................. 207
7.6.6  The Polar Space of a Pseudoquadratic Form ............ 209
7.7  Polar Spaces Embedded in Projective Spaces . .................. 211
771 Introduction............ccoiiiiiiiiiiiiinieeenn.. 211
772  The Geometry of Embedded Polar Spaces.............. 212
773 TheMainTheorem.................oooiiiiiiiias, 217
7.8  Polar Spaces Embedded in a Classical Polar Space .............. 218
7.9 Non-degenerate Polar Spaces of Rank at Least Four
AreClassical .......... . o i i 225
79.1 Introduction.............coiiiiiiiii i 225
7.9.2  Teirlinck’s Conditionin V, ...................iiLL 226
7.9.3  The Classification of Non-degenerate Polar Spaces
of Rank atLeastFour ............... ... ... 230
700 Epilogue . ... e e 232
7.10.1 Non-embeddable Rank Three Polar Spaces ............. 232
7.10.2 Tits’ Classification Theorem ......................... 234
7.10.3 The Buekenhout-Johnson-Shult Theorem .............. 236
7.11 ExercisesforChapter7 ..........c.cviiiiiiiiiiiiiiin 237
7.11.1 Exercises Involving Only Basic Properties ............. 237
7.11.2  Exercises on Classical Polar Spaces ................... 239
7.11.3  Exercises from Section 7.9 ............... ...l 242
7.12  Appendix to Chapter 7: Known Quadrangles in 2001 ............ 243
7.12.1 TheOlderExamples..............oooviviiniiinn... 243
7.12.2 The Last 15 Years Before 2001: Kantor-Families,
the Heisenberg Group and Flocks of a Quadratic Cone. .. 246
7.12.3  Prospects for a Classification. . ... .. e 248
8 NearPolygons ...........ciniiiiiiiit i 251
8.1 Introduction ........... ... ... 251
8.1.1  What We Know About Polar Spaces .................. 251
8.1.2  The Definition of Near Polygons .............. e 252
8.1.3  Some Non-classical Examples ....................... 253
8.1.4  Near Polygons Arising from Chamber Systems
of Buildings ......... ... i 257
8.1.5 Near Polygonsof Fischer Type ................... ... 257

8.1.6  Classical Near Polygons: The Dual Polar Spaces ........ 258



xvi Contents
8.2  The Existence of Quads in Near Polygons ..................... 261
8.2.1 Internal and External Diameter ....................... 261
8.2.2  Bounded Diameter Point-Sets in Near Polygons.......... 262
823 TheExistenceofQuads ................ coiviint 263
83 TheConvexityof Quads ............cooviiiiiiiiias 264
84 TheGeometryofQuads .......... ..ottt 266
841 TheDiagram ............c.iiiiiiiiiiinnnennnaaanan 266
8.4.2 The Relations Between Quads........................ 267
8.4.3  The Relations Among Pointsand Quads ............... 267
8.5 A Characterization of Dual Polar Spaces ...................... 270
85.1 The AXIOMS........coiiiiiiiiiiiiiiiiiniineenennns 270
8.52  The Structure of the ResidueofaPoint ................ 270
8.5.3  The (Global) Convex Subspace Structure .............. 273
8.54  The Dual Polar Space Structure in Near Polygons
of Finite Diameter .. ..., 279
855 Recapitulation ........... ..ol 280
86  ExercisesforChapter8 ....... .. ... i, 281
Part ITI Methodology

9 Chamber Systemsand Buildings ................ ... ...l 291
9.1 Introduction .............uuiiiiiiiiii i i 291
9.2 Chamber SYStemS .........uuriniinnietiennenniinennnennnns 293
9.2.1  The Chamber System of a Geometry .................. 293
9.2.2  Abstract Chamber Systems .......................... 294
9.2.3  Residually Connected Chamber Systems ............... 303
9.3  Chamber Systems with Strongly Gated Residues................ 310
93.1 Introduction..............cccoiiiiiiiiiiiineanan. 310
9.3.2  Basic Properties Concerning Strongly Gated Residues ... 310
9.3.3  Intersections of Strongly Gated Residues............... 312

934  2-Simply Connectedness is a Consequence of Strong
GatednessatLowRank ................. ... ... 314
935 A-Homotopy ..........ceiiiiiiiiiiiiiiiiiinnn. 316
9.3.6  Further Consequences of the Hypothesis (RG2) ......... 318
9.3.7  Equivalence of Various Gatedness Conditions .......... 323
94  Generalized Polygons .......... ..., 323
9.4.1 Panel Homotopy ........ccoiiiiiiiiiniiiiennnna.. 323
9.4.2  The Chamber System of a Generalized Polygon.. ........ 326
943  Generalized n-Gons as Geometries.................... 334
9.44  Existence of Generalized Polygons.................... 342
95 Diagrams........ciiuiiiiii i et 345
9.5.1 Introduction........................ e 345
952 RankTwoDiagrams.............c.coieviiinieannn... 346

9.5.3  Diagram Geometries of Higher Rank



Contents

10

Xvii
9.54  Chamber Systems Belonging to a Diagram ............. 348
9.5.5 Diagrams and the Functors Connecting Chamber
Systems and Geometries. ..............ooiiiii... 349
9.5.6  Some Examples Concerning Diagram Geometries
and Chamber Systems ... ........ .. ..., 349
9.6  Chamber Systems with a Coxeter Diagram..................... 350
9.6.1 Coxeter Groups and Coxeter Systems .................350
9.6.2  The Cayley Graph of the Coxeter System (W, R, M),
and the Coxeter Chamber Systems ................... 353
9.6.3  Other Properties of Coxeter Chamber Systems .......... 361
9.6.4  Walls, Roots, and Distance in a Coxeter
Chamber System . ... 363
9.6.5 Gatedness and Convexity of Residues ................. 367
9.6.6 When Is a Coxeter Group Finite? ..................... 370
9.7 ChamberSystemsof Type M .......... ... .. ... it 371
97,1 Introduction................oieiiiiiiiineenninnnn.. 371
9.7.2  The Three Levels of Homotopy ...................... 373
98 Buildings.... ... i e et e 377
9.8.1 Introduction.............ooiiiiiiiiiiiiiiiiiiiiin, 377
9.8.2 The Conditions (Go)and (P.) ...coovniiineiennnn... 378
99  APartments . .......ouriittniie i iiier i 383
9.9.1  The Tits Metricof a Building ........................ 383
9.9.2  Strong Isometries and the Standard Apartment Axioms
foraBuilding............... . o il 386
9.10 Appendix to Chapter 9: Spherical Buildings and (B, N)-Pairs. . . .. 387
9.10.1 TitS SYSIEMS .. .vvettiinnii it 387
9.10.2 (B, N)-Pairs and Tits Systems ....................... 388
9.10.3 Sphericity .........oiii e 389
9.11 Exercises forChapter 9 ........ ..o it 391
9.11.1 Exercises on Chamber Systems. ...................... 391
9.11.2 Exercises on Residual Connectedness .................393
9.11.3 A Few Exercises on Gatedness ....................... 393
9.11.4 Exercises on Generalized Polygons ................... 394
9.11.5 An Interplay of Examples and Exercises
on Diagram Geometries .............cevuirreunnnnnn. 395
9.11.6 Exercises Concerning Chamber Systems of Type M ..... 397
2-Covers of Chamber Systems ...................c.oiiiierennnn. 399
10.1T Introduction .............ciiiiiiiiiiiiii it 399
10.2  Kasikova’s Lemma on 2-Coverings of Chamber Systems . ........ 401
10.3  An Important Property of Buildings .......................... 403
10.4 When Are Universal 2-Covers Buildings? ..................... 403
10.5 The Structure of an M-Homotopy Class . ...................... 408
10.6 Tits’ “Local Approach” Theorem. ..........oveviuueennennn.. 412



Contents

Xviii
11 Locally Truncated Diagram Geometries .......................... 415
11.1 Locally Truncated Geometries: A Quick Review ................ 415
112 Theldeaof Sheaves............. ..o i, 416
11.2.1 FlagsandResidues .................. ... 416
11.2.2 Sheaves .......coiiiiiiniiiiiiiiiii i 417
11.2.3 The Chamber System Associated with a Sheaf .......... 417
11.3 Sheaves for Locally Truncated Geometries..................... 419
11.3.1 Modelling Geometries on Truncations ................. 419
11.3.2 Geometric Rigidity .............. ... oo 420
11.3.3 Constructing Sheaves . ...............cooiiiiiiiina.. 421
114 Recovering ' from C(F) . .ooiviiieii i 427
11.5 Residual Connectednessof Fand (C(F))j ..o vvvvvvvinnnnann.. 429
11.6 Configurations Produced by a 1-Coveringof C(F).............. 431
11.7 Applying the Local Approach Theorem: A Useful Tool
for Point-Line Characterizations .................cooiiiann. 433
11.8 A Covering of a Point-Collinearity Graph Derived {rom a Locally
Truncated GEOMELry . ......cvviiiiii it 434
119 ExercisesforChapter 11 ... .. ... .. ... it 437
11.9.1 Exercises Involving Connectedness Properties .......... 437
11.9.2 Morphisms by Chamber-Semiregular Automorphism
Groups Do Not Preserve Residual Connectedness. ... ... 438
12 Separated Systems of Singular Spaces ........................ ... 441
12.1 Introduction ..............oiiiiiiiiiiiiiiiiiiiiiiiia, 441
12.1.1 The Basic Context: Paraprojective Spaces .............. 441
12.1.2 Local and Global Hypotheses ........................ 442
12.1.3 Separated Systems of Singular Subspaces .............. 443
12.2 Geometries with Two Systems of Subspaces
MeetingatLines ..........oi i 444
122.1 Introduction..............oiiiuiiiinniinnieneennn.. 444
12.2.2 Geometries with Two Systems of Subgeometries ........ 444
1223 APurelyLocal View ............... .. oo, 447
12.3 A Criterion for Global Separation of Singular Subspaces ......... 447
12.3.1 Examples [llustrating Local Separation
Without Global Separation .......................... 447
12.3.2 A Sufficient Condition for Local Separation
to Imply Global Separation. ......................... 450
12.4 ExercisesforChapter 12 .......... ... ... i 452
13 Cooperstein’s Theory of Symplecta and Parapolar Spaces .......... 455
13.1 Introduction ........... T 455
132 PolarFamilies......... ... o i i 455
13.3 Elementary Properties of Symplecta .......................... 461

[3.4 Parapolar Spaces: A Stage for Characterizing
the Lie Incidence Geometries. ...............c.oiiieiinan, 462



Contents

13.4.1 The Definition of Parapolar Spaces ...................
13.4.2 Examples of Parapolar Spaces........................
13.5 Local Connectedness in Parapolar Spaces......................
1351 Introduction..............cooiiiiiiiiiiiiiiiiiiinnn
13.5.2 Isolating Polar Spaces from Locally Connected
Parapolar Spaces .......... ... oo il
13.6 Hanssens’ Principle ...... ...,
13.7 When Is Either A5(p) or Py (p) a Subspace
ofaParapolar Space? ........... ... i
13.8 Generalized Parapolar Spaces. .........ccoooiiiiiiiiiia..
13.8.1 Introduction............. ..ot
13.8.2 Generalized Parapolar Spacesof Nexus 1 ..............
13.8.3 Generalized Parapolar Spaces of Higher Nexus .........
139 ExercisesforChapter 13 ......... ...,
13.9.1 Exercises Concerning Parapolar Spaces................
13.9.2 Exercises Concerning an Application
of Hanssens’ Principle .................. ... ...
13.9.3 Exercises forSection 13.7 .............. . ...l
13.9.4 Exercises for Section 13.8: On Generalized Parapolar
Spaces of Higher Nexus ............ ... .. ... ...
13.9.5 Symplecta Which Cannot Intersect at a Single Point .. ...

Part IV Applications to Other Lie Incidence Geometries

14 Characterizations of the Classical Grassmann Spaces ..............
14.1 The First Characterization. . ............c..ocoeivieenenneennnn.
14.1.1 Axioms on Two Families of Maximal
Singular Subspaces ...t
14.2 A Variation for Half-Grassmann Spaces .......................
14.2.1 Consequences of Axioms (G1)and (G2) ...............
14.2.2 The Effect of the Other Axioms ......................
14.3 Sprague’s Theory .........cooiiiiiiiiiiiiiiiiiiiiina
143.1 Introduction.............ccoiieemmunuennnunnnennnn
1432 (G1)-Geometries with the Veblen and Dual-Veblen
Axioms, (G2)and (H3) ...,
14.3.3  Adding the Finiteness Conditions and the Proof
of Theorem 14.3.1 ... ... ..o
144 ExercisesforChapter 14 ... ... ... ..ot

15 Characterizing the Classical Strong Parapolar Spaces:
The Cohen-Cooperstein Theory Revisited ........................
I5.1 Prognosis ...........oiiiiiioiiiiiiiiii i
15.2 Introduction ...............iiiiiiiii i

478
482

519



16

15.4

15.5

15.6

Contents

153.1 ATechnicalResult ............... ... .oiia 530
15.3.2 Cohen’s Hypotheses and Their Elementary

CONSEqUENCES. . . oo eeeet et te et rnannnanans 530
Strong Parapolar Spaces with Constant Symplectic Rank r > 3
and Satisfying (CC)r—n . ..ot i it 535
154.1 Introduction...............ccoiiiiiiiiiinnnnnn. 535
1542 TheCaser =4 ...t eioiii i, 536
1543 TheCaser =5 ... . i it 537
1544 TheCaser = 6 ........cuureriiiiieeenennnanann. 538
1545 TheCaser > 6...ovuurrnnnn e 540
15.4.6 The First Cohen—Cooperstein Theorem ................ 540
The Uniformizing Condition .............. . ccoiiiiiiianaen.n 541
15.5.1 Introduction..............cccuiiiiiiiiiiinnnnnn.. 541
1552 ABasicLemma ...........ccoiiiiiiiiiiiiiiiiann. 541
1553 ThePrinciple.. ..., 542
15.5.4 The Uniformizing Principle and Constant

SymplecticRank ............ ...t 543
ExercisesforChapter 15 ........... o i, 545
15.6.1 GeneralFeatures..................iiiiiiiiiin... 545
15.6.2 Understanding the Exceptional Strong

Parapolar Spaces ............... o i, 545
15.6.3 Involutions Acting on Classical Strong

Parapolar Spaces ............. ..ol 548

Characterizing Strong Parapolar Spaces by the Relation Between

Points and Certain Maximal Singular Subspaces .................. 553
16.1 Introduction ..........c.ciiiiiiiiiiniiiiiiiiiiiienene, 553
16.2 Parapolar Spaces with the “Clean Hypothesis™.................. 554
16.2.1 Elementary Consequences of the “Clean Hypothesis” .. .. 555
16.2.2 The Third Case of the Trichotomy .................... 557
16.3 The Second Case of the Trichotomy .......................... 558
16.3.1 The Maximal Singular Subspaces..................... 558
1632 TheSymplecta .......c.coveiiiiiiiiiiiiinin.. 560
16.3.3 More Maximal Singular Subspaces ................... 561
16.3.4 The Final Result for Case 2 with (H2) ................. 563
164 TheFinalCase l:d =0 .........cccoi .. 564
16.4.1 Fibered Symplecta ..............coiiiiiiiiia.. 565

16.4.2 Unfibered Symplecta: M-Projections which Embed
aSymplecton ........ .. 567
16.4.3  The Case that Some Memberof M isaLine ........... 569
16.4.4 Symplecta Disjoint from No Memberof M ............ 570
16.4.5 When All Symplectaare Grids ....................... 571
16.4.6 TheFinalResultford =0 .......................... 573
165 Proofof Theorem 16.2.1 ...........coiiiiiiiiiiiiiniannnn. 575



Contents xxi

17

18

16.6 A Corollary of Theorem 16.2.1 ................ ... ... . ... .. 575
16.6.1 Uniformity of Point-Residuals ....................... 576
16.6.2 The Proof of Corollary 16.6.1 ........................ 578
16.7 A Further Corollary of Theorem 16.2.1........................ 581
16.8 AppendixtoChapter 16 ........ ... ... ciiiiiiiiiniieeninnn. 596
16.8.1 Background ............cciiiiiiiiiiiiiiiiiie. 596
16.8.2 Admissible Triples ................ ... ..ot 596
16.8.3 Constructions of the Relevant Parapolar Spaces ......... 598
Point-Line Characterizations of the “Long Root Geometries” ....... 603
17.1 Introduction ............eenuniiiiieen e, 603
17.1.1 LongRootGeometries ..........ccovviuuiieiiinnnnn.. 603
17.1.2 The Main Results of this Chapter ..................... 605
17.2 A Special Class of Strong Parapolar Spaces .................... 606
17.3 The Proof of Theorem 17.1.1 ........ ... ... ... o it 617
17.3.1 Simple-connectedness of the Point-Collinearity
Graphof I ... 617
17.3.2 The Uniform Structure of the Point-Residuals .......... 619
17.3.3 The Case of Finite Singular Rank . .. ............... ... 619
17.3.4 The Case of Infinite Singular Rank .. .................. 621
174 ExercisesforChapter 17 ... ... ... i 625
17.5 Appendix to Chapter 17: Long Root Geometries Updated ........ 626
The Peculiar Pentagon Property ................................. 627
18.1 Introduction .............cooiiiiiiiiiiiiii i 627
18.1.1 The Pentagon Axiom; Its Beginnings.................. 628
18.1.2  Where Are We Going with this Axiom? ............... 628
18.1.3 Introduction......... ... ..., 629
18.2 Strong Parapolar Spaces with the Pentagon Property............. 630
1821 Examples.........cooivivrrniniiiieniinnanenn 630
1822 TheRoleof Grids ............oiiiiiiiiiiiiiinn, 630
18.2.3 Why We Assume that I Is Not a Polar Space ........... 631
18.2.4 What Extra Axioms Are Needed?..................... 632
18.3 Classifying the Parapolar Spaces Satisfying (PL) and (PL¥*) ...... 633
18.3.1 An Elementary Consequence of (PL*)................. 633
18.3.2 The Case that D is Empty and a Revisitation
of Cohen’s Theorem .............. ... .cooiiiinan. 634
18.3.3 The Case that Some Symplecton has Polar Rank
atbeast Three........ ... i nn. 637
18.3.4 The Case that D # @ and All Members of Q Have Polar
RankTwo ... ... o 640
18.3.5 WhatWeHaveProved .......................... ... 645
18.4 The Proof of the Main Theorem ................. ... . ... ... 647

184.1 TheHypothesis(H) ............ ... ..ot 647



Xxii Contents
1842 The Axiom (Q*) ......oviiiiii e 650
18.4.3 Local Uniformity ............. ... it 650
18.4.4 The MetasymplecticCase ...................c.ovne.. 652
18.4.5 Beyond the Metasymplectic Case: A Related Geometry . . 652
18.4.6 Regarding I'* as a Locally Truncated Geometry ........ 653
18.4.7 Enriching I'* to a Rank Four Geometry via
Hanssen’s Principle . ..., 654
18.4.8 The Conclusion that I Is a Homomorphic Image
of aPolar Grassmannian............................ 654
18.4.9 The Simple Connectedness of the Geometry I” in the
Casethathk =2 ... .o 655
18.5 Final Comments on the Main Theorem ........................ 656
18.6 ExercisesforChapter 18 ... ... .. .. ..o .o i, 657
18.6.1 Relaxing Hypothesis (PL*) .......................... 657
18.6.2 Relaxing (Q): What if the Class Q is Empty? ........... 659
References. . ... ...ttt 665
Index .. ... .. e 671



