Contents

Preface—V

Acknowledgment — IX

Preface for the Original Text — XI

Part I: Fundamentals

1

1.1
1141
1.1.2
1.1.3
1.2
1.2.1
1.2.2
1.2.3
1.3
131
1.3.2
1.3.3
1.3.4
1.4
1.4.1
1.4.2
1.4.3
1.5
1.5.1
1.5.2
1.5.3
1.5.4
1.5.5
1.5.6

21

211
2.1.2
2.1.3

Calculus of variations — 3

Reaction-diffusion systems — 3
Keller-Segel model —3

Stationary problems —5

Existence and nonexistence of a solution— 6
Pohozaev identity — 6

Basic identity — 6

Generalized identity — 9

Free boundaries and unique continuation — 14
Method of variations — 18

Lagrangian multiplier — 18

Sobolev and Morrey embeddings — 20
Differentiability and submersion — 27
Positivity and regularity — 32

Critical exponent — 33

Sobolev constant — 33

Lieb’s lemma—36

Brezis—Kato’s theorem — 38

Mountain pass lemma — 40
Palais—Smale condition — 40
Deformation lemma — 43

Ekeland’s variational principle — 44
Legendre transformation — 46
Minimax principle — 49
Ghoussoub-Preiss version — 53

Maximum principles — 59

Parabolic dynamics — 59

Ignition model — 59

Stationary state: standard arguments — 62
Global-in-time dynamics — 66

Bibliografische Informationen HE
http://d-nb.info/1212948521 digitalisiert durch IONAL
BLIOTHE


http://d-nb.info/1212948521

XIV == Contents

2.1.4
2.1.5
2.1.6
2.2

2.2.1
2.2.2
2.2.3
2.2.4
2.2.5
23

2.3.1
2.3.2
233
2.4

2.4.1
2.4.2
2.4.3
2.4.4

3.1

3.1.1
3.1.2
3.1.3
3.1.4
3.2

3.21
3.2.2
3.2.3
3.2.4
3.2.5
3.2.6
3.2.7
3.3

3.3.1
3.3.2
3.3.3
3.3.4
3.3.5
3.3.6
3.3.7
3.4

Branch of minimal solutions — 71
Unboundedness via the topological degree — 76
Nonminimal solutions — 78

Radial symmetry — 79
Gidas-Ni-Nirenberg’s theorem — 79
Maximum principles — 84

Method of the moving plane — 88

Some remarks — 91

Serrin’s corner point lemma — 94
Convexity of level sets — 95
Nonparametric convex surfaces — 95
Logarithmic concavity of the solution — 98
Identity for the Hessian — 100

Symmetric criticality — 103

Symmetric functionals — 103

Symmetric solutions — 105

Maximal symmetry — 105

Mountain pass approach — 108

Complex structure — 109

Theory of surfaces — 109

Curvatures — 109

Conformal geometry and soap bubbles — 112
Liouville integral and spherical derivatives — 115
Sinh-Poisson equation, quaternion, harmonic map — 118
Boltzmann-Poisson equation — 121
Asymptotic analysis — 121

Bol’s inequality — 123

Radial solutions — 124

Associated Legendre equations — 126
Laplace-Beltrami operator — 126

Potential theory — 127

Neumann problems — 128

Classification of the singular limit — 129
Summary — 129

Boundary estimate — 131

Obata’s relation — 134

Complex analysis — 137

Isolated singular points — 141
Simply-connected domains — 143

Convex domains — 145

Singular perturbation — 150



3.4.1
3.4.2
3.4.3
3.4.4

4

4.1
4.1.1
4.1.2
4.1.3
4.1.4
4.1.5
4.2
4.2.1
4.2.2
4.2.3
4.2.4
4.3
431
4.3.2
4.3.3
4.3.4
4.3.5
4.3.6
4.3.7
4.3.8
4.4
4.4.1
4.4.2
4.43
4.4.4
4.4.5
4.4.6

Weston’s theory — 150

Moseley-Wente’s theory — 157
Convergence of the asymptotic expansion — 159
Area functional — 165

Rearrangement — 171

Elliptic eigenvalue problems — 171
Vibrating membrane — 171
Hartman-Wintner’s theorem — 175

Kuo’s lemma — 178

Nodal domains — 181

Faber-Krahn inequality — 183
Equimeasurable transformations — 186
Coarea formula — 186

Talenti’s comparison theorem — 188
Capacity estimates of the singular set — 191
Parabolic case — 194

Isoperimetric inequality on surfaces — 198
Bol’s inequality in analytic form — 198
Mean value theorems — 200

Reverse inequality — 205

Bandle’s rearrangement — 212

Global analysis — 216

A priori estimates and bending — 217
Connectivity via isoperimetric inequality — 219
Trudinger-Moser inequality — 226
Normalized Ricci flow — 230

Geometric motivation — 230

Analytic approach — 233

Benilan’s inequality — 236

Estimate from below — 238

Concentration of probability measures — 243
Compactness of the orbit — 247

Part Il: Applications

5

5.1
5.1.1
5.1.2
5.1.3

Supplementary topics — 255

Nehari principle — 255

An alternative variation — 255

Equivalence to the mountain pass lemma — 257
Minimizing sequences — 259

Contents == XV



XVl =—— Contents

5.1.4
5.2

5.2.1
5.2.2
5.2.3
5.2.4
5.2.5
5.3

5.3.1
5.3.2
5.3.3
5.3.4
5.3.5
5.4

5.4.1
5.4.2
5.4.3
5.4.4
5.5

5.5.1
5.5.2
5.5.3
5.5.4
5.5.5
5.5.6
5.6

5.6.1
5.6.2
5.6.3
5.6.4
5.6.5
5.6.6

6.1

6.1.1
6.1.2
6.1.3
6.1.4
6.2

6.2.1
6.2.2

Iterative sequences — 261

Moving plane revisited — 263

A priori estimate of the solution — 263
Positivity of the solution — 266

Uniqueness of the solution — 268

Lipschitz continuity of the nonlinearity — 271
Poincaré metric and symmetry — 272

Method of scaling — 276

Boltzmann-Poisson equation revisited — 276
Blow-up analysis — 278

Brezis—Merle’s inequality and related topics — 281

Vanishing residual — 284
Higher-dimensional case — 288

Differential inequality ~Au < f(u) — 298
Blow-up profile — 298

A comparison theorem — 301

Mean value theorem in higher dimension — 305
Pattern formation — 307

Trudinger-Moser inequality revisited — 309
Threshold of asymptotics — 309
Fundamental theorem — 311
Nonuniformness — 317

Sharpness of Moser’s inequality — 320
Uniformness near the origin — 322
Carleson-Chang’s theorem — 327
Topological methods — 331

Total degree — 331

Sinh-Poisson equation revisited — 333
Topological deformation — 336

Blow-up analysis revisited — 339

Improved Trudinger—Moser inequality — 344
Lucia’s deformation lemma — 350

Equations on annulus — 357
2D case — 357
Radial solutions on annulus — 357
Liouville integral of radial solutions — 358
Generation of nonradial solutions — 363
Nonradial bifurcation — 365
Higher-dimensional case — 367
Radial solutions in higher dimensions — 367
Emden transformation — 370



6.2.3
6.2.4
6.3

6.3.1
6.3.2
6.4

6.4.1
6.4.2
6.4.3
6.4.4

7

7.1
7.1.1
7.1.2
7.1.3
7.1.4
7.1.5
7.1.6
7.2
7.2.1
7.2.2
7.2.3
7.3
7.3.1
7.3.2
7.3.3
7.4
7.4.1
7.4.2
7.4.3
7.4.4
7.4.5
7.5
7.5.1
7.5.2
7.5.3
7.5.4

Boundary pair— 374

Bending arbitrary many times — 377
Bifurcation from symmetry — 379
Morse indices — 379

Radial Morse indices — 384
Structure of radial solutions — 386
Summary — 386

l-curves — 389

Radial Morse indices revisited — 390
Zone property — 394

Hardy spaces and BMO — 395

Regularity of weak solutions — 395
Dirichlet principle — 395

Existence of weak solutions — 397
p-harmonic functions — 400

Local maximum principle — 402

Local minimum principle — 406

BMO, Harnack inequality, and C* regularity — 408
BMO — 412

Poincaré—Sobolev inequality — 412
Calderon-Zygmund decomposition — 415
John-Nirenberg’s inequality — 417

Hardy spaces — 419

Maximal theorem — 419

Div-Rot lemma — 421

Jacobian estimate — 423

Harmonic map revisited — 424

Quantized blow-up mechanism — 424
Monotonicity formula — 428

Hardy-BMO structure — 430

Energy concentration — 430

Bubble towers — 432

L*°-estimates — 440

BMO estimate of the Green function — 440
Wente’s inequality — 443

Brezis—Merle’s inequality revisited — 445
System of chemotaxis — 446

Bibliography — 453

Index — 469

Contents === XVII



