Table of Contents

CHAPTER 1
Introduction

1.1 General Considerations and Some Examples
1.1.1 Statement of the Problem and Some Examples
1.1.2 The Classical Approach
1.1.3 Direct Methods
1.2 The Direct Methods
1.2.1 Preliminaries
1.2.2 Abstract Results and the Scalar Case
1.2.3 The Vectorial Case
1.2.4 Nonconvex Integrands
1.2.5 Applications to Nonlinear Elasticity

CHAPTER 2
Preliminaries

2.1 L* and Sobolev Spaces
2.1.1 Weak Convergence in L?
2.1.2 Sobolev Spaces

2.2 Convex Analysis
2.2.1 Convex Functions
2.2.2 Duality and Hahn-Banach Theorem
2.2.3 Carathéodory Theorem

W r O MO O B et

—

15

15
15
24
27
27
34
42



VIII Table of Contents

CHAPTER 3
General Setting and the Scalar Case

3.0 Introduction

3.1 Abstract Results
3.1.1 Weak Lower Semicontinuous Functionals and Existence
Theorems
3.1.2 Convex Functionals
3.1.3 First-Order Necessary Condition
3.2 Convex Functionals
3.2.1 Necessary Condition
3.2.2 Sufficient Condition
3.3 Weak Lower Semicontinuity, Weak Continuity and Invariant
Integrals
3.3.1 Weak Lower Semicontinuity
3.3.2 Weak Continuity and Invariant Integrals
3.4 Existence Theorems and Euler Equations
3.4.1 Existence Theorems and Regularity Results
3.4.2 Euler Equations
3.4.3 Lavrentiev Phenomenon

CHAPTER 4
The Vectorial Case
4.0 Introduction

4.1 Polyconvexity, Quasiconvexity and Rank One Convexity
4.1.1 Definitions and Properties
4.1.2 Examples

4.2 Weak Continuity, Weak Lower Semicontinuity and Existence
Theorems
4.2.1 Weak Lower Semicontinuity
4.2.2 Weak Continuity
4.2.3 Existence Theorems

4.3 Appendix: Some Elementary Properties of Determinants
4.3.1 Definitions and Properties of Determinants
4.3.2 Some Properties of Jacobians

CHAPTER 5
Non-Convex Integrands
5.0 Introduction

5.1 Convex, Polyconvex, Quasiconvex, Rank One Convex Envelopes
5.1.1 Definitions and Properties

45
45
47

47
49
50
51
52
52

66
66
78
82
82
86
92

97
97
98

98
117

155
156
170
180
186
187
193

197
197

198
199



Table of Contents

5.1.2 Examples

5.2 Relaxation Theorems
5.2.1 Relaxation Theorems
5.2.2 Existence and Non-Existence of Solutions

Appendix: Applications
A.0 Introduction

A.1 Existence and Uniqueness Theorems in Nonlinear Elasticity

A.1.1 Setting of the Problem

A.1.2 Existence Theorems

A.1.3 Unicity of Classical Solutions of Equilibrium Equations
A.2 Relaxation Theorems in Elasticity and Optimal Design

A.2.1 Antiplane Shear Problem in Elasticity

A.2.2 A Problem of Equilibrium of Gases

A.2.3 Equilibrium of Elastic Crystals

A.2.4 Relaxation and Optimal Design

Bibliography

Index

X

213

228
228
240

251

251

252
252
258
260
264
264
267
276
281

293

307



