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Stochastic Processes

James R. Cruise, Ostap O. Hryniv, and Andrew R. Wade

1.1
Introduction

Basic probability theory deals, among
other things, with random variables and
their properties. A random variable is the
mathematical abstraction of the following
concept: we make a measurement on some
physical system, subject to randomness
or uncertainty, and observe the value. We
can, for example, construct a mathematical
model for the system and try to predict the
behavior of our random observable, per-
haps through its distribution, or at least its
average value (mean). Even in the simplest
applications, however, we are confronted
by systems that change over time. Now we
do not have a single random variable, but a
family of random variables. The nature of
the physical system that we are modeling
determines the structure of dependencies
of the variables.

A stochastic (or random) process is the
mathematical abstraction of these systems
that change randomly over time. Formally,
a stochastic process is a family of random
variables (Xt)t∈T , where T is some index set
representing time. The two main examples

are T = {0, 1, 2,…} (discrete time) and
T = [0,∞) (continuous time); different
applications will favor one or other of
these. Interesting classes of processes are
obtained by imposing additional structure
on the family Xt , as we shall see.

The aim of this chapter is to give a tour of
some of the highlights of stochastic process
theory and its applications in the physical
sciences. In line with the intentions of this
volume, our emphasis is on tools. However,
the combination of a powerful tool and an
unsteady grip is a hazardous one, so we
have attempted to maintain mathematical
accuracy. For reasons of space, the pre-
sentation is necessarily concise. While we
cover several important topics, we omit
many more. We include references for fur-
ther reading on the topics that we do cover
throughout the text and in Section 1.8.
The tools that we exhibit include gener-
ating functions and other transforms, and
renewal structure, including the Markov
property, which can be viewed loosely as a
notion of statistical self-similarity.

In the next section, we discuss some
of the tools that we will use, with some
examples. The basic notions of probability
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4 1 Stochastic Processes

theory that we use are summarized in
Section 1.A.

1.2
Generating Functions and Integral
Transforms

1.2.1
Generating Functions

Given a sequence (ak)k≥0 of real numbers,
the function

G(s) = Ga(s) =
∑
k≥0

aksk (1.1)

is called the generating function of (ak)k≥0.
When Ga(s) is finite for some s ≠ 0, the
series (1.1) converges in the disc {z ∈ ℂ ∶|z| < |s|} and thus its coefficients ak can be
recovered via differentiation

ak = 1
k!

( d
ds

)k
Ga(s)
||||s=0

, (1.2)

or using the Cauchy integral formula

ak = 1
2𝜋i ∮|z|=r

Ga(z)
zk+1 dz, (i2 = −1), (1.3)

with properly chosen r > 0. This obser-
vation is often referred to as the unique-
ness property: if two generating functions,
say Ga(s) and Gb(s), are finite and coincide
in some open neighborhood of the origin,
then ak = bk for all k ≥ 0. In particular, one
can identify the sequence from its generat-
ing function.

The generating function is one of many
transforms very useful in applications.
We will discuss some further examples in
Section 1.2.3.

Example 1.1 Imagine one needs to pay the
sum of n pence using only one pence and

two pence coins. In how many ways can this
be done?1)

(a) If the order matters, that is, when
1 + 2 and 2 + 1 are two distinct ways
of paying 3 pence, the question is
about counting the number an of
monomer/dimer configurations on
the interval of length n. One easily
sees that a0 = a1 = 1, a2 = 2, and
in general an = an−1 + an−2, n ≥ 2,
because the leftmost monomer can
be extended to a full configuration
in an−1 ways, whereas the leftmost
dimer is compatible with exactly an−2
configurations on the remainder of
the interval. A straightforward com-
putation using the recurrence relation
above now gives

Ga(s) = 1 + s +
∑
n≥2

(
an−1 + an−2

)
sn

= 1 + sGa(s) + s2Ga(s),

so that Ga(s) = (1 − s − s2)−1. The
coefficient an can now be recovered
using (1.2), (1.3), or partial fractions
and then power series expansion.

(b) If the order does not matter, that is,
when 1 + 2 and 2 + 1 are regarded
as identical ways of paying 3 pence,
the question above boils down to cal-
culating the number bn of nonnega-
tive integer solutions to the equation
n1 + 2n2 = n. One easily sees that b0 =
b1 = 1, b2 = b3 = 2, and a straightfor-
ward induction shows that bn is the
coefficient of sk in the product

1) Early use of generating functions was often in
this enumerative vein, going back to de Moivre
and exemplified by Laplace in his Théorie ana-
lytique des probabilités of 1812. The full power
of generating functions in the theory of stochas-
tic processes emerged later with work of Pólya,
Feller, and others.
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1 + s + s2 + s3 + s4 + · · ·

)
×
(
1 + s2 + s4 + s6 + · · ·

)
.

In other words, Gb(s) =
∑

n≥0 bnsn =
(1 − s)−1(1 − s2)−1.

In this chapter, we will make use of
generating functions for various sequences
with probabilistic meaning. In particular,
given a ℤ+-valued2) random variable X,
we can consider the corresponding prob-
ability generating function, which is the
generating function of the sequence (pk),
where pk = ℙ[X = k], k ∈ ℤ+, describes
the probability mass function of X. Thus,
the probability generating function of X
is given by (writing 𝔼 for expectation: see
Section 1.A)

G(s) = GX(s) =
∑
k≥0

skℙ[X = k] = 𝔼[sX].

(1.4)

Example 1.2

(a) If Y ∼ Be(p) and X ∼ Bin(n, p) (see
Example 1.22), then GY (s) = (1 − p) +
ps and, by the binomial theorem,
GX(s) =

∑
k≥0
(n

k

)
(sp)k(1 − p)n−k =

((1 − p) + ps)n.
(b) If X ∼ Po(𝜆) (see Example 1.23), then

Taylor’s formula implies

GX(s) =
∑
k≥0

sk 𝜆
k

k!
e−𝜆 = e𝜆(s−1).

Notice that GX(1) = ℙ[X <∞], and thus
for |s| ≤ 1, |GX(s)| ≤ GX(1) ≤ 1, implying
that the power series GX(s) can be differ-
entiated in the disk |s| < 1 any number of
times. As a result,

G(k)
X (s)=

( d
ds

)k
GX(s) = 𝔼[(X)ksX−k], |s| < 1,

2) Throughout we use the notation ℤ+ =
{0, 1, 2,…} and ℕ = {1, 2,…}.

where (x)k = x!
(x−k)!

= x(x − 1) · · · (x − k +
1). Taking the limit s ↗ 1 we obtain the kth
factorial moment of X, 𝔼[(X)k] = G(k)

X (1−),
where the last expression denotes the value
of the kth left derivative of GX(⋅) at 1.

Example 1.3 If X ∼ Po(𝜆), from Example
1.2b, we deduce 𝔼[(X)k] = 𝜆k .

Theorem 1.1 If X and Y are independent
ℤ+-valued random variables, then the sum
Z = X + Y has generating function GZ(s) =
GX(s)GY (s).

Proof. As X and Y are independent, so
are sX and sY ; consequently, the expec-
tation factorizes, 𝔼

[
sXsY ] = 𝔼

[
sX]𝔼[sY ], by

Theorem 1.18.

Example 1.4

(a) If X ∼ Po(𝜆) and Y ∼ Po(𝜇) are inde-
pendent, then X + Y ∼ Po(𝜆 + 𝜇).
Indeed, by Theorem 1.1, GX+Y (s) =
e(𝜆+𝜇)(s−1), which is the generating
function of the Po(𝜆 + 𝜇) distribution;
the result now follows by uniqueness.
This fact is known as the additive
property of Poisson distributions.

(b) If ℤ+-valued random variables
X1,… ,Xn are independent and
identically distributed (i.i.d.), then
Sn = X1 + · · · + Xn has generat-
ing function GSn

(s) = (GX(s))n.
If Sn ∼ Bin(n, p), then Sn is a
sum of n independent Bernoulli
variables with parameter p, and
so GSn

(s) = ((1 − p) + ps)n (see
Example 1.22).

The following example takes this idea
further.

Lemma 1.1 Let X1,X2,… be i.i.d.
ℤ+-valued random variables, and let
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N be a ℤ+-valued random variable
independent of the Xi. Then the random
sum SN = X1 + · · · + XN has generating
function GSN

(s) = GN
(
GX(s)
)
.

Proof. The claim follows from the partition
theorem for expectations (see Section 1.A):

𝔼[sSN ] =
∑
n≥0

𝔼[sSN ∣ N = n]ℙ[N = n]

=
∑
n≥0

(GX(s))nℙ[N = n].

Example 1.5 If (Xk)k≥1 are independent
Be(p) random variables and if N ∼ Po(𝜆) is
independent of (Xk)k≥1, then

GSN
(s) = GN (GX(s)) = e𝜆(GX (s)−1) = e𝜆p(s−1),

that is, SN ∼ Po(𝜆p). This result has the
following important interpretation: if each
of N ∼ Po(𝜆) objects is independently
selected with probability p, then the sample
contains SN ∼ Po(𝜆p) objects. This fact is
known as the thinning property of Poisson
distributions.

A further important application of
Lemma 1.1 is discussed in Section 1.2.2.

Example 1.6 [Renewals] A diligent janitor
replaces a light bulb on the same day as
it burns out. Suppose the first bulb is put
in on day 0, and let Xi be the lifetime of
the ith bulb. Suppose that the Xi are i.i.d.
random variables with values in ℕ and
common generating function Gf (s). Define
rn = ℙ[a bulb was replaced on day n] and
fk = ℙ[the first bulb was replaced on day k].
Then r0 = 1, f0 = 0, and for n ≥ 1,

rn = f1rn−1 + f2rn−2 + · · · + fnr0 =
n∑

k=1
fkrn−k .

(1.5)

Proceeding as in Example 1.1, we deduce
Gr(s) = 1 + Gf (s)Gr(s) for all |s| ≤ 1, so
that

Gr(s) =
1

1 − Gf (s)
. (1.6)

Remark 1.1 The ideas behind Example 1.6
have a vast area of applicability. For
example, the hitting probabilities of
discrete-time Markov chains have prop-
erty similar to the Ornstein–Zernike
relation (1.5), see, for example, Lemma 1.3.

Notice also that by repeatedly expanding
each ri on the right-hand side of (1.5), one
can rewrite the latter as

rn =
∑
𝓁≥1

∑
{k1 ,k2 ,…,k𝓁}

𝓁∏
j=1

fkj
, (1.7)

where the middle sum runs over all
decompositions of the integer n into 𝓁
positive integer parts k1, k2,… , k𝓁 (cf.
Example 1.1a). The decomposition (1.7)
is an example of the so-called polymer
representation; it arises in many models of
statistical mechanics.

The convolution of sequences (an)n≥0 and
(bn)n≥0 is (cn)n≥0 given by

cn =
n∑

k=0
akbn−k , (n ≥ 0); (1.8)

we write c = a ⋆ b. A key property of con-
volutions is as follows.

Theorem 1.2 (Convolution theorem) If
c = a ⋆ b, then the associated generating
functions Gc(s), Ga(s), and Gb(s) satisfy
Gc(s) = Ga(s)Gb(s).

Proof. Compare the coefficients of sn on
both sides of the equality.

The convolution appears very often in
probability theory because the probability
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mass function of the sum X + Y of indepen-
dent variables X and Y is the convolution of
their respective probability mass functions.
In other words, Theorem 1.1 is a particular
case of Theorem 1.2.

Remark 1.2 The sequence (bn)n≥0 in
Example 1.1b is a convolution of the
sequence 1, 1, 1, 1,… and the sequence
1, 0, 1, 0, 1, 0,… .
The uniqueness property of generating
functions affords them an important role
in studying convergence of probability
distributions.

Theorem 1.3 For every fixed n ≥ 1, let
the sequence an,0, an,1,… be a prob-
ability distribution on ℤ+, that is,
an,k ≥ 0 and

∑
k≥0 an,k = 1. Moreover,

let Gn(s) =
∑

k≥0 an,ksk be the generating
function of the sequence (an,k)k≥0. Then

lim
n→∞

an,k = ak , for all k ≥ 0 ⇐⇒

lim
n→∞

Gn(s) = G(s), for all s ∈ [0, 1),

where G(s) is the generating function of the
limiting sequence (ak)k≥0.

Example 1.7 [Law of rare events] Let
(Xn)n≥1 be random variables such that
Xn ∼ Bin(n, pn). If n ⋅ pn → 𝜆 as n → ∞,
then the distribution of Xn converges to
that of X ∼ Po(𝜆). Indeed, for every fixed
s ∈ [0, 1), we have, as n → ∞,

GXn
(s) = (1 + pn(s − 1))n → exp{𝜆(s − 1)},

which is the generating function of a Po(𝜆)
random variable.

1.2.2
Example: Branching Processes

Let (Zn,k), n ∈ ℕ, k ∈ ℕ, be a family of i.i.d.
ℤ+-valued random variables with common

probability mass function (pk)k≥0 and finite
mean. The corresponding branching pro-
cess (Zn)n≥0 is defined via Z0 = 1, and, for
n ≥ 1,

Zn = Zn,1 + Zn,2 + · · · + Zn,Zn−1
, (1.9)

where an empty sum is interpreted as zero.
The interpretation is that Zn is the num-

ber of individuals in the nth generation of
a population that evolves via a sequence of
such generations, in which each individual
produces offspring according to (pk)k≥0,
independently of all other individuals in the
same generation; generation n + 1 consists
of all the offspring of individuals in gener-
ation n. The process starts (generation 0)
with a single individual and the population
persists as long as the generations are
successful in producing offspring, or until
extinction occurs. Branching processes
appear naturally when modeling chain
reactions, growth of bacteria, epidemics,
and other similar phenomena3): a cru-
cial characteristic of the process is the
probability of extinction.

Let 𝜑n(s) ∶= 𝔼[sZn ] be the generating
function of Zn; for simplicity, we write 𝜑(s)
instead of 𝜑1(s) = 𝔼[sZ1 ]. Then 𝜑0(s) = s,
and a straightforward induction based on
Lemma 1.1 implies

𝜑n(s) = 𝜑n−1(𝜑(s)), (n > 1). (1.10)

Equation (1.10) can be used to determine
the distribution of Zn for any n ≥ 0. In par-
ticular, one easily deduces that 𝔼[Zn] = mn,
where m = 𝔼[Z1] is the expected num-
ber of offspring of a single individual.

3) The simplest branching processes, as discussed
here, are known as Galton–Watson processes
after F. Galton and H. Watson’s work on the
propagation of human surnames; work on
branching processes in the context of nuclear
fission, by S. Ulam and others, emerged out of
the Manhattan project.
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The long-term behavior of a branching
process is determined by the expected
value m: the process can be subcritical
(m < 1), critical (m = 1), or supercritical
(m > 1).

Remark 1.3 By Markov’s inequality (see
Section 1.A), ℙ[Zn > 0] = ℙ[Zn ≥ 1] ≤
𝔼[Zn] = mn. Hence, in the subcritical case,
ℙ[Zn > 0] → 0 as n → ∞ (i.e., Zn → 0 in
probability). Moreover, the average total
population in this case is finite, because
𝔼[
∑

n≥0 Zn] =
∑

n≥0 mn = (1 − m)−1 < ∞.
It follows that, with probability 1,∑

n≥0 Zn < ∞, which entails Zn → 0
almost surely. This last statement
can also be deduced from the fact
that

∑
n≥0 ℙ[Zn > 0] < ∞ using the

Borel–Cantelli lemma (see, e.g., [1, 2]).

Extinction is the event  = ∪∞
n=1{Zn =

0}. As {Zn = 0} ⊆ {Zn+1 = 0} for
all n ≥ 0, the extinction probability
𝜌 = ℙ[] is well defined (by continuity
of probability measure: see Section 1.A)
via 𝜌 = limn→∞ ℙ[Zn = 0], where
ℙ[Zn = 0] = 𝜑n(0) is the probability of
extinction before the (n + 1)th generation.

Theorem 1.4 If 0 < p0 < 1, then the
extinction probability 𝜌 is given by the
smallest positive solution to the equation

s = 𝜑(s). (1.11)

In particular, if m = 𝔼[Z] ≤ 1, then 𝜌 = 1;
otherwise, we have 0 < 𝜌 < 1.

Remark 1.4 The relation (1.11) has a clear
probabilistic sense. Indeed, by indepen-
dence, ℙ[ ∣ Z1 = k] = 𝜌k (as extinction
only occurs if each of the independent
branching processes associated with the
k individuals dies out). Then, by the
law of total probability (see Section 1.A),

we get4)

𝜌 = ℙ[] =∑
k≥0

ℙ[ ∣ Z1 = k]ℙ[Z1 = k]

=
∑
k≥0

𝜌kℙ[Z1 = k] = 𝜑(𝜌).

Notice that Theorem 1.4 characterizes
the extinction probability without the
necessity to compute 𝜑n( ⋅ ). The excluded
values p0 ∈ {0, 1} are trivial: if p0 = 0, then
Zn ≥ 1 for all n ≥ 0 so that 𝜌 = 0; if p0 = 1,
then ℙ[Z1 = 0] = 𝜌 = 1.

Proof of Theorem 1.4 Denote 𝜌n = ℙ[Zn =
0] = 𝜑n(0). By continuity and strict mono-
tonicity of the generating function𝜑( ⋅ ), we
have (recall (1.10))

0 < 𝜌1 =𝜑(0) < 𝜌2 = 𝜑(𝜌1) < · · · < 1=𝜑(1) ,

so that 𝜌n ↗ 𝜌 ∈ (0, 1] with 𝜌 = 𝜑(𝜌).
Now if 𝜌 is another fixed point of 𝜑( ⋅ ) in

[0, 1], that is, 𝜌 = 𝜑(𝜌), then, by induction,

0 < 𝜌1 = 𝜑(0) < 𝜌2 < · · · < 𝜑(𝜌) = 𝜌,

so that 𝜌 = limn→∞ 𝜌n ≤ 𝜌, that is, 𝜌 is the
smallest positive solution to (1.11).

Finally, by continuity and convexity of
𝜑( ⋅ ) together with the fact 𝜑(1) = 1, the
condition m = 𝜑′(1) ≤ 1 implies 𝜌 = 1 and
the condition m = 𝜑′(1) > 1 implies that 𝜌
is the unique solution in (0, 1) to the fixed
point equation (1.11).

We thus see that the branching process
exhibits a phase transition: in the subcriti-
cal or critical regimes (m ≤ 1), the process
dies out with probability 1, whereas in the
supercritical case (m > 1) it survives for-
ever with positive probability 1 − 𝜌.

4) In Section 1.3, we will see this calculation as
exploiting the Markov property of the branching
process.
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1.2.3
Other Transforms

1.2.3.1 Moment Generating Functions
The moment generating function of a real-
valued random variable X is defined by
MX(t) = 𝔼[etX]. When finite for t in some
neighborhood of 0, MX(t) behaves simi-
larly to the generating function GX(s) in
that it possesses the uniqueness prop-
erty (identifying the corresponding
distribution), maps convolutions (i.e.,
distributions of sums of independent
variables) into products, and can be used
to establish convergence in distribu-
tion.

If X is ℤ+-valued and its generating
function GX(s) is finite for some s > 1, then
MX(t) is also finite for some t ≠ 0, and
the two are related by MX(t) = GX(et). For
example, if X ∼ Bin(n, p), then MX(t) =
(1 + p(et − 1))n (see Example 1.2a). The
terminology arises from the fact that if
MX(t) is differentiable at 0, then the kth
derivative of MX(t) evaluated at 0 gives
𝔼[Xk], the kth moment of X.

Example 1.8 In the case of a continuous
distribution X with probability den-
sity f , the moment generating function
MX(t) becomes the integral transform
∫ etxf (x)dx.

(a) Let 𝜆 > 0. If X has density f (x) = 𝜆e−𝜆x

for x > 0, and 0 elsewhere, then X
has the exponential distribution with
parameter 𝜆 and

MX(t)=∫
∞

0
𝜆e−(𝜆−t)xdx= 𝜆

𝜆 − t
, (t < 𝜆).

(b) If X has density f (x) = e−x2∕2∕
√

2𝜋,
x ∈ ℝ, then X has the standard nor-
mal  (0, 1) or Gaussian distribution

and

MX(t) =
1√
2𝜋 ∫

∞

−∞
et2∕2e−(x−t)2∕2dx

= et2∕2, (t ∈ ℝ).

The normal distribution was in part so
named5) for its ubiquity in real data. It
is also very common in probability and
mathematical statistics, owing to a large
extent to results of the following kind.

Theorem 1.5 (de Moivre–Laplace
central limit theorem) Let Xn ∼ Bin(n, p)
with fixed p ∈ (0, 1). Denote X∗

n =
(Xn − 𝔼[Xn])∕

√
𝕍ar[Xn]. Then for any

t ∈ ℝ,

MX∗
n
(t) → et2∕2, as n → ∞;

in other words, the distribution of X∗
n con-

verges to that of  (0, 1).

Proof. Recall that Xn can be written as
a sum Y1 + Y2 + · · · + Yn of independent
Be(p) random variables. In particular,
𝔼[Xn] = np and 𝕍ar[Xn] = np(1 − p) (see
Example 1.25). Using the simple relation
MaZ+b(t) = ebtMZ(at), we deduce that the
random variable Ŷ = (Y − p)∕

√
n has the

moment generating function (with fixed t)

e−tp∕
√

n
(

1 + p
(
et∕
√

n − 1
))

= 1 + t2

2n
p(1 − p) + O

(
t3√

n

)
.

5) The term normal (in the sense of “usual”) was
apparently attached to the distribution by Fran-
cis Galton and others and popularized by Karl
Pearson. The distribution arose in the work of
Gauss and Laplace on least squares and errors
of measurement, and also in Maxwell’s work
on statistical physics. Perhaps its first tentative
appearance, however, is in the work of Abraham
de Moivre for whom Theorem 1.5 is named. See
[3] for a discussion.
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Noticing that MX∗
n
(t)=(MŶ (t∕

√
p(1 − p)))n

→ et2∕2 as n → ∞, we deduce the result.

One other application of moment gener-
ating functions that we will see is to large
deviations: see Section 1.4.4.

1.2.3.2 Laplace Transforms
In general, MX(t) might be infinite for
all t ≠ 0. However, for nonnegative vari-
ables X ≥ 0, we have MX(t) = 𝔼[etX] ≤ 1,
for all t ≤ 0; in particular, MX(t) is an
analytic function at every point of the
complex plane with negative real part. In
this case, MX(t) behaves very similarly to
generating functions and inherits the main
properties described above. In such a sit-
uation, the function MX(t) (or, sometimes
MX(−t)) is called the Laplace transform
of the variable X. See Chapter 15 in the
present volume for background on Laplace
transforms.

1.2.3.3 Characteristic Functions
Unlike the moment generating function
MX(t), which might be infinite for real
t ≠ 0, the characteristic function 𝜓X(t) =
𝔼[eitX] (where i2 = −1) always exists and
uniquely identifies the distribution, hence
the name.6) The characteristic functions
inherit all nice properties of (moment)
generating functions, though inverting
them is not always straightforward.

Characteristic functions are the standard
tool of choice for proving results such as the
following generalization of Theorem 1.5.
The proof is similar to that of the previous
theorem, based on a Taylor-type formula: if
𝔼[X2n] < ∞, then

6) The term characteristic function is traditional
in the probabilistic context for what elsewhere
might be called the Fourier transform: see
Chapter 15 of the present volume.

𝜓X(t) =
2n∑
𝓁=0

(it)𝓁
𝓁!

𝔼[X𝓁] + o(t2n).

Theorem 1.6 (Central limit theorem)
Let Xn = Y1 + Y2 + · · · + Yn, where Yi are
i.i.d. random variables with 𝔼[Y 2

i ] < ∞.
Then, as n → ∞, the distribution of
X∗

n = (Xn − 𝔼[Xn])∕
√
𝕍ar[Xn] converges to

the standard normal,  (0, 1).

1.3
Markov Chains in Discrete Time

1.3.1
What is a Markov Chain?

Our tour begins with stochastic processes
in discrete time. Here, we will write our
process as X0,X1,X2,…. A fundamental
class is constituted by the Markov pro-
cesses in which, roughly speaking, given
the present, the future is independent of
the past. In this section, we treat the case
where the Xn take values in a discrete (i.e.,
finite or countably infinite) state space
S. In this case, the general term Markov
process is often specialized to a Markov
chain, although the usage is not universally
consistent.

The process X = (Xn) taking values in the
discrete set S satisfies the Markov property
if, for any n and any i, j,∈ S,7)

ℙ[Xn+1 = j ∣ Xn = i,Xn−1 = in−1,… ,

X0 = i0] = pij, (1.12)

for all previous histories i0,… , in−1 ∈ S.
The pij = ℙ[Xn+1 = j ∣ Xn = i] are the

one-step transition probabilities for X, and
they satisfy the obvious conditions pij ≥ 0
for all i, j, and

∑
j∈S pij = 1 for all i. It is

convenient to arrange the pij as a matrix
P = (pij)i,j∈S with nonnegative entries and

7) In (1.12) and elsewhere, we indicate intersec-
tions of events by commas for readability.
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whose rows all sum to 1: these properties
define a stochastic matrix. The Markov
property specifies the step-by-step evolu-
tion of the Markov chain. One can imagine
a particle moving at random on S, from
state i selecting its next location according
to distribution (pij)j∈S. It is an exercise in
conditional probability to deduce from
(1.12) that

ℙ[X1 = i1,… ,Xn = in ∣ X0 = i0]
= pi0i1 · · · pin−1in .

It may be that X0 is itself random, in which
case, in order to assign a probability to
any particular (finite) sequence of moves
for the particle, in addition to the Markov
property, we also need to know where the
particle starts: this is specified by the initial
distribution ℙ[X0 = i] = wi, i ∈ S.

Now, to compute the probability of get-
ting from i to k in two steps, we sum over
the j-partition to get

ℙ[X2 = k ∣ X0 = i]
=
∑
j∈S

ℙ[X1 = j,X2 = k ∣ X0 = i]

=
∑
j∈S

pijpjk = (P2)ik ,

the (i, k) entry in P2 = P ⋅ P; this matrix
multiplication yields the two-step transi-
tion probability. More generally, the n-step
transition probabilities are

p(n)
ij ∶= ℙ[Xn = j ∣ X0 = i] = (Pn)ij.

A similar argument shows the following:

p(n+m)
ij =

∑
k∈S

p(n)
ik p(m)

kj . (1.13)

Remark 1.5 We restrict ourselves to the
case of time-homogeneous Markov chains,
by stipulating that (1.12) should hold simul-
taneously for all n. One may relax this, and
allow pij to depend also on n.

Remark 1.6 An equivalent definition of a
Markov chain is as a randomized dynam-
ical system: Xn+1 = f (Xn;Un+1) where f ∶
S × [0, 1] → S is a fixed update function,
and U1,U2,… are independent U[0, 1] ran-
dom variables.8) Monte Carlo simulation of
a Markov chain uses such a scheme.

We make a final remark on notation: for
pij, and similar expressions, we sometimes
write pi,j if otherwise the subscripts may be
ambiguous.

1.3.2
Some Examples

Example 1.9 [The Ehrenfest model] In
1907, Ehrenfest and Ehrenfest [4] intro-
duced this simple model of diffusion. There
are N particles in a container that has two
chambers separated by a permeable par-
tition. At each step, a particle is chosen
uniformly at random and moved across the
partition. The state of the Markov chain at
each time will be the number of particles
in the first chamber, say, so S = {0,… ,N}.

The one-step transition probabilities are,
for i ∈ {1,… ,N − 1},

pi,i+1 = N − i
N

, pi,i−1 = i
N
,

and p0,1 = pN ,N−1 = 1.
After a long time, what is the distribution

of the particles? See Section 1.3.6.

Example 1.10 [One-dimensional simple
random walk] A particle moves at random
on the state space S = ℤ+. From position
i ≠ 0, the particle jumps one step to the
left with probability pi and one step to the
right with probability 1 − pi. With partial
reflection at 0, we can describe this random

8) That is, uniform on [0, 1], having density f (x) =
1 for x ∈ [0, 1] and f (x) = 0 elsewhere.
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walk by a Markov chain with one-step
transition probabilities p0,0 = p0 ∈ (0, 1),
p0,1 = q0 ∶= 1 − p0, and for i ≥ 1,

pi,i−1 = pi ∈ (0, 1), pi,i+1 = qi ∶= 1 − pi.

1.3.3
Stationary Distribution

We use the compact notation ℙi for the
(conditional) probability associated with
the Markov chain started from state i ∈ S,
that is, ℙi[ ⋅ ] = ℙ[ ⋅ ∣ X0 = i]. More gener-
ally, if w = (wi)i∈S is a distribution on S (i.e.,
wi ≥ 0,

∑
i wi = 1), then we write ℙw for

the Markov chain started from the initial
distribution w, that is, ℙw[ ⋅ ] =

∑
i wiℙi[ ⋅ ].

A distribution 𝜋 = (𝜋i)i∈S is a stationary
distribution for a Markov chain X if

ℙ𝜋[X1 = i] = 𝜋i, for all i ∈ S. (1.14)

Viewing a stationary distribution 𝜋 as
a row vector, (1.14) is equivalent to the
matrix-vector equation 𝜋P = 𝜋, that is, 𝜋 is
a left eigenvector of P corresponding to the
eigenvalue 1. The nomenclature arises from
the fact that (1.14) implies that ℙ𝜋[Xn =
i] = 𝜋i for all times n, so the distribution of
the Markov chain started according to 𝜋 is
stationary in time.

Example 1.11 [A three-state chain] Con-
sider a Markov chain (Xn) with the state
space {1, 2, 3} and transition matrix

P =
⎛⎜⎜⎜⎝

1
2

1
2

0
1
3

1
3

1
3

0 1
2

1
2

⎞⎟⎟⎟⎠ . (1.15)

We look for a stationary distribution
𝜋 = (𝜋1, 𝜋2, 𝜋3). Now 𝜋P = 𝜋 with the
fact that 𝜋1 + 𝜋2 + 𝜋3 = 1 gives a sys-
tem of equations with unique solution
𝜋 = ( 2

7
,

3
7
,

2
7
).

A Markov chain with transition probabil-
ities pij is reversible with respect to a dis-
tribution 𝜋 = (𝜋i)i∈S if the detailed balance
equations hold:

𝜋ipij = 𝜋jpji, for all i, j ∈ S. (1.16)

Not every Markov chain is reversible. Any
distribution 𝜋 satisfying (1.16) is necessar-
ily a stationary distribution, because then,
for all j,

∑
i 𝜋ipij =

∑
i 𝜋jpji = 𝜋j. If the chain

is reversible, then the system of equations
(1.16) is often simpler to solve than the
equations 𝜋P = 𝜋: see Example 1.12. The
“physical” interpretation of reversibility is
that, in equilibrium, the Markov chain is
statistically indistinguishable from a copy
of the chain running backward in time.

Example 1.12 [Random walk] Con-
sider Example 1.10. We seek a solution
𝜋 = (𝜋i) to (1.16), which now reads
𝜋iqi = 𝜋i+1pi+1 for all i ≥ 0. The solution
is 𝜋i = 𝜋0

∏i−1
j=0(qj∕pj+1). This describes a

proper distribution if
∑

i 𝜋i = 1, that is, if

∞∑
i=0

i−1∏
j=0

qj

pj+1
< ∞. (1.17)

If (1.17) holds, then

𝜋i =

∏i−1
j=0

qj

pj+1∑∞
i=0
∏i−1

j=0
qj

pj+1

.

For example, if pi = p ∈ (0, 1) for all i, then
(1.17) holds if and only if p > 1∕2, in which
case 𝜋i = (q∕(1 − 2p))(q∕p)i, where q = 1 −
p, an exponentially decaying stationary dis-
tribution.

1.3.4
The Strong Markov Property

One way of stating the Markov property
is to say that (Xn)n≥m, conditional on
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{Xm = i}, is distributed as the Markov
chain (Xn)n≥0 with initial state X0 = i. It is
often desirable to extend such a statement
from deterministic times m to random
times T . An important class of random
times are the first passage times,9)

Ti ∶= min{n ≥ 1 ∶ Xn = i}, i ∈ S. (1.18)

The Markov property cannot hold at
every random time. For instance, if
T ′ = Ti − 1, then the first transition of
the process XT ′ ,XT ′+1,… is always from
XT ′ to XT ′+1 = i, regardless of the original
transition matrix.

The following strong Markov property
clarifies these issues. A random time T ∈
ℤ+ ∪ {∞} is a stopping time with respect to
(Xn) if, for any n, the event {T ≤ n}depends
only on X0,… ,Xn (and not on the future
evolution of the chain). The passage times
Ti are stopping times, but T ′ described
above is not a stopping time.

Lemma 1.2 Suppose that T is a stopping
time for (Xn). Then, given T < ∞ and XT =
i, (XT+n)n≥0 has the same distribution as
(Xn)n≥0 started from X0 = i.

Sketch of proof Partition over the possi-
ble values of T . Suppose that T = m and
XT = Xm = i; this is a condition only on
X0,… ,Xm, because T is a stopping time.
Now apply the usual Markov property at
the deterministic time m.

1.3.5
The One-Step Method

In problems involving Markov chains,
often quantities of interest are hitting prob-
abilities and expected hitting times. One
approach to computing these is via the

9) Here and elsewhere, the convention min ∅ = ∞
is in force.

powerful one-step method, which makes
essential use of the Markov property.

Recall the definition of the passage times
Ti from (1.18). The expected hitting time of
state j starting from state i is 𝔼i[Tj] for i ≠ j;
if i = j this is the expected return time to i.
Also of interest is ℙi[Tj < Tk], the probabil-
ity of reaching state j before state k, starting
from i. We illustrate the one-step method
by some examples.

Example 1.13 [Three-state chain] We
return to Example 1.11. We partition over
the first step of the process to obtain, via the
law of total probability (see Section 1.A),

ℙ2[T1 < T3] =
3∑

k=1
ℙ2[{T1 < T3} ∩ {X1 = k}]

= p2,1 ⋅ 1 + p2,2 ⋅ ℙ2[T1 < T3]
+ p2,3 ⋅ 0,

by the Markov property. This givesℙ2[T1 <

T3] = 1∕2.
What about 𝔼2[T1]? Set zi = 𝔼i[T1].

Again we condition on the first step,
and now use the partition theorem for
expectations (see Section 1.A):

𝔼2[T1] = 1 + 𝔼2[T1 − 1]

= 1 +
3∑

k=1
p2,k𝔼2[T1 − 1 ∣ X1 = k].

Now applying the Markov property at time
1, we see that T1 − 1, given X0 ≠ 1 and
X1 = k ≠ 1, has the same distribution as
T1 given X0 = k ≠ 1 in the original chain,
and, in particular, has expected value zk .
On the other hand, if X1 = k = 1, then
T1 − 1 = 0. So we get z2 = 1 + 1

3
z2 +

1
3

z3. A
similar argument starting from state 3 gives
z3 = 1 + 1

2
z2 +

1
2

z3. This system of linear
equations is easily solved to give z2 = 5 and
z3 = 7.
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Example 1.14 [Random walk; gambler’s
ruin] Recall Example 1.10. Fix n ∈ ℕ and
for i ∈ {1,… , n − 1}, let ui = ℙi[Tn < T0].
The one-step method gives

ui = piui−1 + qiui+1, (1 ≤ i ≤ n − 1),

with boundary conditions u0 = 0, un = 1.
The standard method to solve this sys-
tem of equations is to rewrite it in
terms of the differences Δi = ui+1 − ui
to get Δi = Δi−1(pi∕qi) for 1 ≤ i ≤ n − 1,
which yields Δj = Δ0

∏j
k=1(pk∕qk). Then

ui =
∑i−1

j=0 Δj, using the boundary condition
at 0. Using the boundary condition at n to
fix Δ0, the solution obtained is

ui =

∑i−1
j=0
∏j

k=1
pk
qk∑n−1

j=0
∏j

k=1
pk
qk

. (1.19)

In the special case where pi = qi = 1∕2 for
all i, we have the elegant formula ui = i∕n.
If we imagine that the state of the Markov
chain is the wealth of a gambler with initial
wealth i who plays a sequence of fair games,
each time either gaining or losing a unit of
wealth, 1 − ui is the ruin probability (and
ui is the probability that the gambler makes
his fortune).

1.3.6
Further Computational Methods

We present by example some additional
techniques.

Example 1.15 [Matrix diagonalization] In
many situations, we want to compute the
n-step transition probability p(n)

ij , that is, an
entry in the matrix power Pn. To calcu-
late Pn, we try to diagonalize P to obtain
P = TΛT−1 for an invertible matrix T and
a diagonal matrix Λ. The usefulness of this
representation is that Pn = TΛnT−1 and Λn

is easy to write down, becauseΛ is diagonal.
A sufficient condition for P to be diagonal-
izable is that all its eigenvalues be distinct.

Consider again the three-state chain with
transition matrix given by (1.15); we have
three eigenvalues, 𝜆1, 𝜆2, 𝜆3, say. As P is a
stochastic matrix, 1 is always an eigenvalue:
𝜆1 = 1, say. Then because tr P = 𝜆1 + 𝜆2 +
𝜆3 and det P = 𝜆1𝜆2𝜆3, we find 𝜆2 = 1∕2
and 𝜆3 = −1∕6, say.

It follows from the diagonalized repre-
sentation that

Pn = 𝜆n
1U1 + 𝜆n

2U2 + 𝜆n
3U3

= U1 +
(1

2

)n
U2 +
(
−1

6

)n
U3, (1.20)

where U1, U2, U3 are 3 × 3 matrices to be
determined. One can solve the simultane-
ous matrix equations arising from the cases
n ∈ {0, 1, 2} of (1.20) to obtain U1, U2, and
U3, and hence,

Pn =
⎛⎜⎜⎜⎝

2
7

3
7

2
7

2
7

3
7

2
7

2
7

3
7

2
7

⎞⎟⎟⎟⎠ +
(1

2

)n
⎛⎜⎜⎜⎝

1
2

0 − 1
2

0 0 0
− 1

2
0 1

2

⎞⎟⎟⎟⎠
+
(
−1

6

)n
⎛⎜⎜⎜⎝

3
14

− 3
7

3
14

− 2
7

4
7

− 2
7

3
14

− 3
7

3
14

⎞⎟⎟⎟⎠ .
It follows that limn→∞ p(n)

ij exists, does
not depend on i, and is equal to 𝜋j, the
component of the stationary distribu-
tion that we calculated in Example 1.11.
After a long time, the chain “forgets” its
starting state and approaches a stochastic
equilibrium described by the stationary
distribution. This is an example of a gen-
eral phenomenon to which we return in
Section 1.3.7.

Example 1.16 [Generating functions] We
sketch the use of generating functions to
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evaluate stationary distributions. Consider
the Ehrenfest model of Example 1.9.
Suppose that 𝜋 = (𝜋0,… , 𝜋N ) is a station-
ary distribution for the Markov chain, with
generating function 𝜋̂(s) =

∑N
i=0 𝜋isi. In

this case, the equation 𝜋P = 𝜋 reads

𝜋j−1
N − (j − 1)

N
+ 𝜋j+1

j + 1
N

= 𝜋j,

which is valid for all j ∈ {0,… ,N}, pro-
vided we set 𝜋−1 = 𝜋N+1 = 0. Now multiply
through by sj and sum from j = 0 to N . After
some algebra, we obtain

𝜋̂(s) = 1 − s2

N
𝜋̂′(s) + s𝜋̂(s),

so that d∕ds log 𝜋̂(s) = 𝜋̂′(s)∕𝜋̂(s) = N∕(1 +
s). Integrating with respect to s and using
the fact that 𝜋̂(1) = 1, we obtain

𝜋̂(s) =
(1 + s

2

)N
.

The binomial theorem now enables us to
identify 𝜋i = 2−N(N

i

)
.

1.3.7
Long-term Behavior; Irreducibility;
Periodicity

We saw in Example 1.15 a Markov chain for
which

lim
n→∞

ℙi[Xn = j] = lim
n→∞

p(n)
ij = 𝜋j, (1.21)

for all i, j ∈ S, where 𝜋j is from a stationary
distribution. For which Markov chains does
such a result hold? There are (at least) three
obstacles:

(a) There might be no solutions to 𝜋P =
𝜋, and hence, no right-hand side in
(1.21).

(b) There might be multiple solutions
to 𝜋P = 𝜋, and so no uniqueness

in (1.21). For example, consider the
Markov chain on the state space
{0, 1, 2} with p00 = 1, p22 = 1 (0
and 2 are absorbing states) and
p10 = p12 = 1∕2. Then p(n)

i2 = i∕2 for
all n ≥ 1, that is, the limit on the
left-hand side of (1.21) depends on
the starting state i. Note that here
𝜋 = (𝛼, 0, 1 − 𝛼) is stationary for any
𝛼 ∈ [0, 1].

(c) In the Ehrenfest model of
Example 1.9, there is a parity effect,
because p(n)

00 = 0 for odd n, for
instance. This phenomenon is an
example of periodicity, which is
another obstacle to (1.21).

Cases (b) and (c) here can be dealt with
after some additional concepts are intro-
duced. A state i ∈ S has period d if d is the
greatest common divisor of {n ≥ 1 ∶ p(n)

ii >

0}. For example, all states in the Ehrenfest
model have period 2.

A Markov chain is irreducible if, for all
i, j ∈ S, there exist finite m and n for which
p(n)

ij > 0 and p(m)
ji > 0, that is, it is possible

to get between any two states in a finite
number of steps. For the rest of this section,
we will assume that we have an irreducible
Markov chain. We do not discuss the case
of nonirreducible (reducible) chains in a
systematic way, but Section 1.3.10 provides
an illustrative example.

For an irreducible chain, it can be shown
that all states have the same period, in
which case one can speak about the period
of the chain itself. If all states have period 1,
the chain is called aperiodic.

Recall the definition of Ti from (1.18):
𝔼i[Ti] is the expected return time to i. The
following result answers our question on
the limiting behavior of p(n)

ij .

Theorem 1.7 For an irreducible Markov
chain, the following are equivalent.
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• There exists a unique stationary
distribution 𝜋.

• For some i ∈ S, 𝔼i[Ti] < ∞.
• For all i ∈ S, 𝔼i[Ti] < ∞.

If these conditions hold, the Markov chain
is called positive recurrent. For a positive-
recurrent chain, the following hold.

• For all i ∈ S, 𝜋i = 1∕𝔼i[Ti].
• If the chain is aperiodic, then
ℙi[Xn = j] → 𝜋j for all i, j ∈ S.

In particular, we have the following
result.

Theorem 1.8 An irreducible Markov chain
on a finite state space is positive recurrent.

Proofs of these results can be found in
[5, 6], for instance.

1.3.8
Recurrence and Transience

Recall the definition of Ti from (1.18). A
state i ∈ S is called recurrent if ℙi[Ti <

∞] = 1 or transient if ℙi[Ti = ∞] > 0. A
Markov chain will return infinitely often to
a recurrent state, but will visit a transient
state only finitely often. If a Markov chain is
irreducible (see Section 1.3.7), then either
all states are recurrent, or none is, and so
we can speak of recurrence or transience of
the chain itself.

If an irreducible chain is positive recur-
rent (see Theorem 1.7), then it is neces-
sarily recurrent. A chain that is recurrent
but not positive recurrent is null recurrent,
in which case, for all i, ℙi[Ti < ∞] = 1 but
𝔼i[Ti] = ∞ (equivalently, it is recurrent but
no stationary distribution exists). Because
of Theorem 1.8, we know that to observe
null recurrence or transience we must look
at infinite state spaces.

Example 1.17 [One-dimensional random
walk] We return to Example 1.10. Consider

ℙ0[T0 = ∞]. In order for the walk to never
return to 0, the first step must be to 1, and
then, starting from 1, the walk must reach
n before 0 for every n ≥ 2. Thus

ℙ0[T0 = ∞] = q0ℙ1[T0 = ∞]
= q0ℙ1[∩n≥2{Tn < T0}].

Note {Tn+1 < T0} ⊆ {Tn < T0}, so the
intersection here is over a decreasing
sequence of events. Thus by continuity
of probability measures (see Section 1.A),
ℙ0[T0 = ∞] = q0 limn→∞ ℙ1[Tn < T0].
Here ℙ1[Tn < T0] = 1 − u1 where u1 is
given by (1.19). So we obtain

ℙ0[T0 = ∞] > 0 if and only if
∞∑

j=0

j∏
k=1

(pk

qk

)
<∞.

(For further discussion, see [7, pp. 65–71])
In particular, if pk = p ∈ (0, 1) for all k,
the walk is transient if p < 1∕2 and recur-
rent if p ≥ 1∕2. The phase transition can
be probed more precisely by taking pk =
1∕2 + c∕k; in this case, the walk is transient
if and only if c < −1∕4, a result due to Har-
ris and greatly generalized by Lamperti [8].

We give one criterion for recurrence that
we will use in Section 1.4.

Lemma 1.3 For any i ∈ S, ℙi[Ti < ∞] = 1
if and only if

∑∞
n=0 p(n)

ii = ∞.

We give a proof via generating functions.
Write f (n)i = ℙi[Ti = n], the probability that
the first return to i occurs at time n; here
f (0)i = 0; note that

∑
n f (n)i may be less than

1. Denote the corresponding generating
function by 𝜙i(s) =

∑∞
n=0 f (n)i sn. Also define

𝜓i(s) =
∑∞

n=0 p(n)
ii sn, where p(n)

ii = ℙi[Xn = i]
(so p(0)

ii = 1). By conditioning on the
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value of Ti, the strong Markov property
gives

p(n)
ii =

n∑
m=0

f (m)
i p(n−m)

ii , (n ≥ 1).

Treating the case n = 0 carefully, it follows
that

𝜓i(s) = 1 +
∞∑

n=0

n∑
m=0

f (m)
i p(n−m)

ii sn.

The final term here is a discrete con-
volution of the generating function
(cf. Theorem 1.2), so we deduce the
important renewal relation

𝜓i(s) = 1 + 𝜙i(s)𝜓i(s). (1.22)

Sketch of proof of Lemma 1.3 We have
ℙi[Ti < ∞] = lims↑1 𝜙i(s), and (1.22)
implies that the latter limit is 1 if and
only if lims↑1 𝜓i(s) = ∞.

1.3.9
Remarks on General State Spaces

In the case of discrete state spaces, (1.13)
corresponds to the trivial matrix equation
Pn+m = Pn ⋅ Pm, which one could describe,
rather grandly, as the semigroup property
of matrix multiplication. More generally,
(1.13) is an instance of the fundamental
Chapman–Kolmogorov relation, and the
connection to semigroup theory runs
deep.

In a general state space, the analogue of
the transition probability pij is a transition
kernel p(x;A) given by p(x;A) = ℙ[Xn+1 ∈
A ∣ Xn = x]. This immediately introduces
technical issues that can only be addressed
in the context of measure theory. We refer
to [2, 9], for example.

1.3.10
Example: Bak–Sneppen and Related
Models

Bak and Sneppen [10] introduced a sim-
ple stochastic model of evolution that
initiated a considerable body of research
by physicists and mathematicians. In
the original model, N sites are arranged
in a ring. Each site, corresponding to a
species in the evolution model, is initially
assigned an independent U[0, 1] random
variable representing a “fitness” value for
the species. The Bak–Sneppen model is
a discrete-time Markov process, where at
each step the minimal fitness value and
the values at the two neighboring sites
are replaced by three independent U[0, 1]
random variables.

This process is a Markov process on
the continuous state space [0, 1]N , and
its behavior is still not fully understood,
despite a large physics literature devoted
to these models: see the thesis [11] for an
overview of the mathematical results.

Here we treat a much simpler model, fol-
lowing [12]. The state space of our pro-
cess (Xn) will be the “simplex” of ranked
sequence of N fitness values

ΔN ∶= {(x(1),… , x(N)) ∈ [0, 1]N ∶
x(1) ≤ · · · ≤ x(n)}.

Fix a parameter k ∈ {1,… ,N}. We start
with N independent U[0, 1] values: rank
these to get X0. Given Xn, discard the
kth-ranked value X(k)

n and replace it by a
new independent U[0, 1] random variable;
rerank to get Xn+1.

For example, if k = 1, we replace the min-
imal value at each step. It is natural to antic-
ipate that Xn should approach (as n → ∞)
a limiting (stationary) distribution; observe
that the value of the second-ranked fitness
cannot decrease. A candidate limit is not
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hard to come by: the distribution of the ran-
dom vector (U, 1, 1, 1,… , 1) (a U[0, 1] vari-
able followed by N − 1 units) is invariant
under the evolution of the Markov chain.
We show the following result.

Proposition 1.1 Let N ∈ ℕ and
k ∈ {1, 2,… ,N}. If at each step we replace
the kth-ranked value by an independent
U[0, 1] value, then, as n → ∞,

(X(1)
n ,X(2)

n ,… ,X(N)
n ) → (0,… , 0,U, 1,… , 1),

in distribution,10) where the kth coordinate
of the limit vector U ∼ U[0, 1].

The process Xn lives on a continuous
state space, and it might seem that some
fairly sophisticated argument would be
needed to show that it has a unique sta-
tionary distribution. In fact, we can reduce
the problem to a simpler problem on a
finite state space as follows.

Sketch of proof of Proposition 1.1 We
sketch the argument from [12]. For each
s ∈ [0, 1], define the counting function11)

Cn(s) ∶=
∑N

i=1 1{X(i)
n ≤ s}, the number

of fitnesses of value at most s at time
n. Then Cn(s) is a Markov chain on
{0, 1, 2,… ,N}. The transition probabil-
ities px,y = ℙ[Cn+1(s) = y ∣ Cn(s) = x] are
given for x ∈ {0,… , k − 1} by px,x = 1 − s
and px,x+1 = s, and for x ∈ {k,… ,N} by
px,x = s and px,x−1 = 1 − s. For s ∈ (0, 1),
the Markov chain is reducible and all
states are transient apart from those in
the recurrent class Sk = {k − 1, k}. The
chain will eventually enter Sk and then
never exit. So the problem reduces to

10) That is, for any x1,… , xN ∈ [0, 1],
ℙ[X(1)

n ≤ x1,… ,X(k)
n ≤ xk ,… ,X(N)

n ≤ xN ] → xk if
xk+1 · · · xN = 1 and 0 otherwise.

11) “1{ ⋅ }” is the indicator random variable of the
appended event: see Section 1.A.

that of the two-state restricted chain on
Sk . It is easy to compute the stationary
distribution and for s ∈ (0, 1), analogously
to Theorem 1.7,

lim
n→∞

ℙ[Cn(s) = x]=
⎧⎪⎨⎪⎩

1 − s if x = k − 1
s if x = k
0 if n ∉ {k − 1, k}

.

In particular, for s ∈ (0, 1),

lim
n→∞

ℙ[X(k)
n ≤ s] = lim

n→∞
ℙ[Cn(s) ≥ k] = s.

That is, X(k)
n converges in distribution to

a U[0, 1] variable. Moreover, if k > 1, for
any s ∈ (0, 1), ℙ[X(k−1)

n ≤ s] = ℙ[Cn(s) ≥
k − 1] → 1, which implies that X(k−1)

n
converges in probability to 0. Similarly,
if k < N , for any s ∈ (0, 1), ℙ[X(k+1)

n ≤
s] = ℙ[Cn(s) ≥ k + 1] → 0, which implies
that X(k+1)

n converges in probability to 1.
Combining these marginal results, an addi-
tional technical step gives the claimed joint
convergence: we refer to [12] for details.

1.4
Random Walks

A drunk man will eventually find his
way home, but a drunk bird may get
lost for ever.

– S. Kakutani’s rendering of Pólya’s
theorem [1, p. 191].

1.4.1
Simple Symmetric Random Walk

The term random walk can refer to many
different models or classes of models.
Although random walks in one dimen-
sion had been studied in the context of
games of chance, serious study of random
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walks as stochastic processes emerged in
pioneering works in several branches of
science around 1900: Lord Rayleigh’s [13]
theory of sound developed from about
1880, Bachelier’s [14] 1900 model of stock
prices, Pearson and Blakeman’s [15] 1906
theory of random migration of species, and
Einstein’s [16] theory of Brownian motion
developed during 1905–1908.

In this section, we restrict attention to
simple symmetric random walk on the inte-
ger lattice ℤd . This model had been consid-
ered by Lord Rayleigh, but the preeminent
early contribution came from George Pólya
[17]: we describe his recurrence theorem
in the following text. The phrase “random
walk” was first applied by statistical pio-
neer Pearson [18] to a different model in a
1905 letter to Nature. We refer to [19] for
an overview of a variety of random walk
models.

Let e1,… , ed be the standard orthonor-
mal lattice basis vectors for ℤd . Let
X1,X2,… be i.i.d. random vectors with

ℙ[X1 = ei] = ℙ[X1 = −ei]

= 1
2d
, for i ∈ {1,… , d}.

Let S0 = 0 and Sn =
∑n

i=1 Xi. Then (Sn)n∈ℤ+

is a simple symmetric random walk on ℤd ,
started from 0; “simple” refers to the fact
that the jumps are of size 1.

1.4.2
Pólya’s Recurrence Theorem

Clearly (Sn) is a Markov chain; a fundamen-
tal question is whether it is recurrent or
transient (see Section 1.3.8). Pólya [17] pro-
vided the answer in 1921.

Theorem 1.9 (Pólya’s theorem) A simple
symmetric random walk on ℤd is recurrent
if d = 1 or 2 but transient if d ≥ 3.

A basic component in the proof is a com-
binatorial statement.

Lemma 1.4 For d ∈ ℕ and any n ∈ ℤ+, we
have

ℙ[S2n = 0] = (2d)−2n
(

2n
n

)
∑

n1+···+nd=n

(
n!

n1! · · · nd!

)2

,

where the sum is over d-tuples of nonnega-
tive integers n1,… , nd that sum to n.

Proof. Each path of length 2n (i.e., the pos-
sible trajectory for S0, S1,… , S2n) has prob-
ability (2d)−2n. Any such path that finishes
at its starting point must, in each coordi-
nate i, take the same number ni steps in the
positive and negative directions. Enumerat-
ing all such paths, we obtain

ℙ[S2n = 0] = (2d)−2n
∑

n1+···+nd=n

(2n)!
(n1! · · · nd!)2 ,

from which the given formula follows.

Lemma 1.4 and a careful asymptotic
analysis using Stirling’s formula for n!
yields the following result.

Lemma 1.5 For d ∈ ℕ, as n → ∞,

nd∕2ℙ[S2n = 0] →
(

d
4𝜋

)d∕2

.

Proof of Theorem 1.9 Apply the criterion in
Lemma 1.3 with Lemma 1.5.

1.4.3
One-dimensional Case; Reflection
Principle

We consider in more detail the case
d = 1. Let Ta ∶= min{n ≥ 1 ∶ Sn = a}.
Theorem 1.9 says that ℙ[T0 < ∞] = 1. The
next result gives the distribution of T0.
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Theorem 1.10 (i) For any n ∈ ℤ+,
ℙ[T0 = 2n] = (1∕(2n − 1))

(2n
n

)
2−2n.

(ii) 𝔼[T𝛼
0 ] < ∞ if and only if 𝛼 < 1∕2.

We proceed by counting sample paths,
following the classic treatment by Feller
[20, chap. 3]. By an n-path we mean
a sequence of integers s0,… , sn where|si+1 − si| = 1; for an n-path from a to b we
add the requirement that s0 = a and sn = b.
We view paths as space–time trajectories
(0, s0), (1, s1),… , (n, sn).

Let Nn(a, b) denote the number of n-
paths from a to b. Let N0

n (a, b) be the num-
ber of such paths that visit 0. An n-path
from a to b must take (n + b − a)∕2 posi-
tive steps and (n + a − b)∕2 negative steps,
so

Nn(a, b) =
(

n
1
2
(n + b − a)

)
, (1.23)

where we interpret
(n

y

)
as 0 if y is not an

integer in the range 0 to n.

Lemma 1.6 (Reflection principle) If
a, b > 0, then N0

n (a, b) = Nn(−a, b).

Proof. Each n-path from −a to b must visit
0 for the first time at some c ∈ {1,… , n −
1}. Reflect in the horizontal (time) axis the
segment of this path over [0, c] to obtain
an n-path from a to b which visits 0. This
reflection is one-to-one.

Theorem 1.11 (Ballot theorem) If b > 0,
then the number of n-paths from 0 to b
which do not revisit 0 is b

n
Nn(0, b).

Proof. The first step of such a path must
be 1, so their number is Nn−1(1, b) −
N0

n−1(1, b) = Nn−1(1, b) − Nn−1(−1, b), by
Lemma 1.6. Now use (1.23).

Theorem 1.12 If b ≠ 0 and n ≥ 1, ℙ[T0 >

n, Sn = b] = |b|
n
ℙ[Sn = b].

Proof. Suppose b > 0. The event in ques-
tion occurs if and only if the walk does not
visit 0 during [1, n], and Sn = b. By the bal-
lot theorem, the number of such paths is
b
n

Nn(0, b). Similarly for b < 0.

At this point, we are ready to prove
Theorem 1.10, but first we take a slight
detour to illustrate one further variation on
“reflection.”

Theorem 1.13 For a ≠ 0 and n ≥ 1,
ℙ[Ta = n] = |a|

n
ℙ[Sn = a].

Proof via time reversal. Fix n. If the trajec-
tory of the original walk up to time n is

(S0, S1, S2,… , Sn)

=

(
0,X1,X1 + X2,… ,

n∑
i=1

Xi

)
,

then the trajectory of the reversed walk is

(R0,R1,R2,… ,Rn)

=

(
0,Xn,Xn + Xn−1,… ,

n∑
i=1

Xi

)
,

that is, the increments are taken in reverse
order. The reversed walk has the same
distribution as the original walk, because
the Xi are i.i.d.

Suppose a > 0. The original walk has
Sn = a and T0 > n if and only if the reversed
walk has Rn = a and Rn − Rn−i = X1 + · · · +
Xi > 0 for all i ≥ 1, that is, the first visit of
the reversed walk to a happens at time n. So
ℙ[Ta = n] = ℙ[T0 > n, Sn = a]. Now apply
Theorem 1.12.

Proof of Theorem 1.10 If T0 = 2n, then
S2n−1 = ±1. Thus

ℙ[T0 = 2n] = ℙ[T = 2n, S2n−1 = 1]

+ ℙ[T = 2n, S2n−1 = −1]
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= 1
2
ℙ[T0 > 2n − 1, S2n−1 = 1]

+1
2
ℙ[T0 >2n − 1, S2n−1 =−1].

Now by Theorem 1.12,

ℙ[T0 = 2n] = 1
2
⋅

1
2n − 1(

ℙ[S2n−1 = 1] + ℙ[S2n−1 = −1]
)
,

and part (i) of the theorem follows from
(1.23), after simplification. For part (ii), we
have that 𝔼[T𝛼

0 ] =
∑∞

n=1(2n)𝛼ℙ[T0 = 2n],
and Stirling’s formula shows that the sum-
mand here is asymptotically a constant
times n𝛼−(3∕2).

Remark 1.7 (i) An alternative approach
to Theorem 1.10 is via the remarkable
identity ℙ[T0 > 2n] = ℙ[S2n = 0],
which can be verified by a direct but
more sophisticated combinatorial
argument: see, for example, [21].

(ii) Yet another approach uses generating
functions. For Sn,

𝜓(s) ∶= 𝔼[sSn ] =
∞∑

n=0
s2n
(

2n
n

)
2−2n

= 1√
1 − s2

,

by (1.23) and then Maclaurin’s
theorem. Then if 𝜙 is the gen-
erating function for T0, we can
exploit the renewal relation 𝜓(t) =
1 + 𝜙(t)𝜓(t) (see (1.22)) to obtain
𝜙(s) = 1 −

√
1 − s2, from which we

can deduce Theorem 1.10 once more.

1.4.4
Large Deviations and Maxima of Random
Walks

In this section, we consider more general
one-dimensional random walks in order

to illustrate some further concepts. Again
we take Sn =

∑n
i=1 Xi where the Xi are

i.i.d., but now the distribution of Xi will
be arbitrary subject to the existence of
the mean 𝔼[Xi] = 𝜇. Suppose that 𝜇 < 0.
The strong law of large numbers shows
that n−1Sn → 𝜇, almost surely, as n → ∞.
So if 𝜇 < 0, then Sn will tend to −∞, and
in particular the maximum of the walk
M = maxn>0 Sn is well defined.

There are many applications for the
study of M, for example, the modeling
of queues (see [22]). What properties
does the random variable M possess?
We might want to find ℙ[M > x], for
any x, but it is often difficult to obtain
exact results; instead we attempt to
understand the asymptotic behavior as
x → ∞.

Let 𝜑(t) = 𝔼[etX1 ] be the moment gen-
erating function of the increments. It can
be shown that the behavior of ℙ[M > x]
depends on the form of 𝜑. Here we con-
sider only the classical (light-tailed) case in
which there exists 𝛾 > 0 such that 𝜑(𝛾) =
1 and 𝜑′(𝛾) < ∞. For details of the other
cases, see [23].

First, Boole’s inequality (see Section 1.A)
gives

ℙ[M > x]=ℙ[∪∞
n=1{Sn>x}] ≤

∞∑
n=1

ℙ[Sn > x].

(1.24)
Now the Chernoff bound (see Section 1.A)
implies that, for any 𝜃 ∈ [0, 𝛾],

ℙ[Sn > x] ≤ e−𝜃x𝔼[e𝜃Sn ] = e−𝜃x(𝜑(𝜃))n;

cf. Example 1.4b. We substitute this into
(1.24) to obtain

ℙ[M > x] ≤ e−𝜃x
∞∑

n=1
(𝜑(𝜃))n = e−𝜃x 𝜑(𝜃)

1 − 𝜑(𝜃)
,

provided 𝜑(𝜃) < 1, which is the case if 𝜃 ∈
(0, 𝛾). For any such 𝜃, we get
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lim sup
x→∞

1
x

logℙ[M > x]

≤ −𝜃 − lim
x→∞

1
x

log(1 − 𝜑(𝜃)) = −𝜃.

As 𝜃 < 𝛾 was arbitrary, we obtain the
sharpest bound on letting 𝜃 ↗ 𝛾 . The
matching lower bound can also be proved
(see [22]), to conclude that

lim
x→∞

1
x

logℙ[M > x] = −𝛾.

This is an example of a general class of
results referred to as large deviations: fur-
ther details of the general theory can be
found in [24], for example. These tech-
niques have found use in many application
areas including statistical physics: see, for
example, [25].

1.5
Markov Chains in Continuous Time

1.5.1
Markov Property, Transition Function, and
Chapman–Kolmogorov Relation

In many applications, it is natural to work
in continuous time rather than the discrete
time of Section 1.3. As before, we assume
that we have a discrete state space S, but
now our Markov chains X = (X(t)) have
a continuous- time parameter t ∈ [0,∞).
Continuous time introduces analytical dif-
ficulties, which we will not dwell on in this
presentation.

As in the discrete-time case, we concen-
trate on time-homogeneous chains, and we
will specify the law of (X(t)) in line with the
Markovian idea that “given the present, the
future is independent of the past.”

The process (X(t)) satisfies the Markov
property in continuous time if, for all t, h ≥
0, all i, j ∈ S, all 0 ≤ t0 < t1 < · · · < tn < t,
and all i1,… , in ∈ S,

ℙ[X(t + h) = j ∣ X(t) = i,X(tn) = in,… ,

X(t1) = i1] = pij(h).

Here pij( ⋅ ) = ℙ[X(t + ⋅ ) = j ∣ X(t) = i] is
the transition function of the Markov chain.
As in the discrete-time case, it is convenient
to use matrix notation:

P(t) = (pij(t))i,j∈S given by
pij(t) = ℙi[X(t) = j],

where again a subscript on ℙ indicates an
initial state, that is, ℙi[ ⋅ ] = ℙ[ ⋅ ∣ X(0) =
i]. We can obtain full information on the
law of the Markov chain, analogously to
the discrete-time case. For example, for 0 <
t1 < · · · < tn and j1,… , jn ∈ S,

ℙi[X(t1) = j1,… ,X(tn) = jn]
= pij1 (t1)pj1 j2 (t2 − t1) · · · pjn−1 jn (tn − tn−1).

To this we add information about the ini-
tial distribution: for instance, ℙ[X(t) = j] =∑

i∈S ℙ[X(0) = i]pij(t). Here we must have

pij(0) = 𝛿ij ∶=

{
1 if i = j
0 if i ≠ j

.

We also assume that the transition func-
tions satisfy, for each fixed t, pij(t) ≥ 0 for
all i, j and

∑
j∈S pij(t) = 1 for all i.

To describe our Markov chain now
seems a formidable task: we must specify
the family of functions P(t). However, we
will see in the next section that the Markov
property enables a local (infinitesimal)
description. First we state a global conse-
quence of the Markov property, namely,
Chapman–Kolmogorov relation

For any s, t ≥ 0, P(s + t) = P(s)P(t). (1.25)

The fundamental Markovian relation
(1.25) is a special case of the relation
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known to probabilists as the Chap-
man–Kolmogorov equation, and which,
in its most general form, is often taken as
the starting point of the general theory
of Markov processes. Physicists refer to a
relation such as (1.25) as a master equation.
The derivation of (1.25) in our setting is
direct from the Markov property:

ℙi[X(s + t) = j]
=
∑
k∈S

ℙi[X(s) = k,X(s + t) = j]

=
∑
k∈S

ℙi[X(s)=k]ℙi[X(s + t)= j ∣ X(s)=k]

=
∑
k∈S

ℙi[X(s) = k]ℙk[X(t) = j],

which is the equality for the (i, j) entry in the
matrix equation (1.25).

1.5.2
Infinitesimal Rates and Q-matrices

In continuous time, there is no smallest
time step and so no concept of a one-step
transition. Often, however, one can encap-
sulate the information in the functions pij(t)
in a single fundamental matrix associated
with the Markov chain, which will serve as
an analogue to the P-matrix in the discrete
theory. This is the Q-matrix.

To proceed, we need to assume some
regularity. We call the chain standard if the
transition probabilities are continuous at 0,
that is, if pij(t) → pij(0) = 𝛿ij as t ↓ 0.

Lemma 1.7 Suppose that X is a standard
Markov chain with transition functions
pij(t). Then for each i, j, pij(t) is a contin-
uous and differentiable function of t. The
derivatives p′

ij(t) evaluated at t = 0 we
denote by qij ∶= p′

ij(0); then 0 ≤ qij < ∞ for
i ≠ j and 0 ≤ −qii ≤ ∞.

The proof of this result relies on the
Chapman–Kolmogorov relation, but is

somewhat involved: see, for example,
[26, Section 14.1]. A Taylor’s formula
expansion now reads

pij(h) = ℙ[X(t + h) = j ∣ X(t) = i]
= pij(0) + qijh + o(h) (1.26)
= 𝛿ij + qijh + o(h), as h ↓ 0. (1.27)

So, for i ≠ j, qij is the (instantaneous) tran-
sition rate of the process from state i to state
j. It is convenient to define qi ∶= −qii for all
i (so qi ≥ 0). Then qi is the rate of departure
from state i.

We further assume that the chain is con-
servative, meaning∑

j≠i
qij = qi <∞, for all i. (1.28)

Note that
∑

j≠i pij(t) = 1 − pii(t), so, for
example, if S is finite we can differentiate
to immediately get the equality in (1.28),
and then

∑
j≠i qij < ∞ by Lemma 1.7, so a

finite Markov chain is always conservative.
Note that (1.28) implies that

∑
j qij = 0

and qi =
∑

j≠i qij, so the rows of Q sum to
zero.

The matrix Q = (qij)i,j∈S is called the
transition rate matrix, the generator
matrix, or simply the Q-matrix of the
Markov chain; it effectively describes the
chain’s dynamics. In particular, under rea-
sonable conditions (see the following text)
the functions pij(⋅) are uniquely determined
by Q. Thus, in applications, a Markov pro-
cess is often defined via a Q-matrix and an
initial distribution.12)

Conversely, given a matrix Q = (qij)i,j∈S
with nonpositive diagonal entries and non-
negative entries elsewhere for which (1.28)
holds, there always exists a Markov process
with Q as transition rate matrix. This fact

12) This is also essentially the approach taken in
[6].
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can be proved by actually constructing the
paths of such a process: see Section 1.5.4.

Example 1.18 [Birth-and-death process]
Here S = ℤ+ and X(t) represents a pop-
ulation size at time t. The size of the
population increases on a birth or decreases
on a death. The nonzero entries in the
Q-matrix are

qi,i+1 = 𝜆i, i ≥ 0 (birth rate in state i),
qi,i−1 = 𝜇i, i ≥ 1 (mortality rate in state i),

q0,0 = −𝜆0 and qi,i = −(𝜆i + 𝜇i), i ≥ 1.

In a linear process, 𝜆i = 𝜆i and 𝜇i = 𝜇i,
so 𝜆 and 𝜇 can be interpreted as per
individual rates of birth and mortality,
respectively.

1.5.3
Kolmogorov Differential Equations

We now consider some differential
equations which, given Q, can be used
to determine the functions pij(⋅). The start-
ing point is the Chapman–Kolmogorov
relation pij(s + t) =

∑
k∈S pik(s)pkj(t). If

S is finite, say, then it is legitimate to
differentiate with respect to s to get

p′
ij(s + t) =

∑
k∈S

p′
ik(s)pkj(t).

Now setting s = 0, we obtain

p′
ij(t) =

∑
k∈S

qikpkj(t),

which is the Kolmogorov backward
equation. If instead, we differentiate with
respect to t and then put t = 0, we obtain
(after a change of variable)

p′
ij(t) =

∑
k∈S

pik(t)qkj,

which is the Kolmogorov forward equation.
These differential equations are particu-
larly compact in matrix form.

Theorem 1.14 Given Q satisfying (1.28),
we have

P′(t) = P(t)Q,
(Kolmogorov forward equation);

P′(t) = QP(t),
(Kolmogorov backward equation).

We sketched the derivation in the case
where S is finite. In the general case, a
proof can be found in, for example, [26,
Section 14.2].

Remark 1.8 Suitable versions of the Kol-
mogorov differential equations also apply
to processes on continuous state spaces,
such as diffusions, where they take the
form of partial differential equations. In
this context, the forward equation can
be framed as a Fokker–Planck equation
for the evolution of a probability den-
sity. The connections among diffusions,
boundary-value problems, and potential
theory are explored, for example, in [2]; an
approach to Fokker–Planck equations from
a more physical perspective can be found
in [27].

We give one example of how to use
the Kolmogorov equations, together with
generating functions, to compute P(t)
from Q.

Example 1.19 [Homogeneous birth process]
We consider a special case of Example 1.18
with only births, where, for all i, 𝜆i = 𝜆 > 0
and 𝜇i = 0. So qi,i = −𝜆 and qi,i+1 = 𝜆. The
Kolmogorov forward equation in this case
gives

p′
i,j(t) = −𝜆pi,j(t) + 𝜆pi,j−1(t),
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where we interpret pi,−1(t) as 0. In particu-
lar, if i = 0, we have

p′
0,j(t) = −𝜆p0,j(t) + 𝜆p0,j−1(t). (1.29)

The initial conditions are assumed to be
p0,0(0) = 1 and p0,i(0) = 0 for i ≥ 1, so that
the process starts in state 0. Consider the
generating function

𝜙t(u) = 𝔼[uX(t)] =
∞∑

j=0
p0,j(t)uj, |u| < 1.

Multiplying both sides of (1.29) by sj and
summing over j we get

𝜕

𝜕t
𝜙t(u) = −𝜆𝜙t(u) + 𝜆u𝜙t(u)

= −𝜆(1 − u)𝜙t(u).

It follows that 𝜙t(u) = A(u)e−(1−u)𝜆t . The
initial conditions imply that 𝜙0(u) = 1, so
in fact A(u) = 1 here, and 𝜙t(u) = e−(1−u)𝜆t ,
which is the probability generating func-
tion of a Poisson distribution with mean
𝜆t (see Example 1.2). Hence, X(t) ∼ Po(𝜆t).
In fact X(t) is an example of a Pois-
son process: see, for example, [2, 5, 6,
26].

By analogy with the scalar case, under
suitable conditions one can define the
matrix exponential

exp{Qt} =
∞∑

k=0

Qktk

k!
,

with Q0 = I (identity). Then P(t) =
exp{Qt} is a formal solution to both
the Kolmogorov forward and back-
ward equations. In analytic terminol-
ogy, Q is the generator of the semi-
group P.

1.5.4
Exponential Holding-Time Construction;
“Gillespie’s Algorithm”

Given the Q-matrix one can construct sam-
ple paths of a continuous- time Markov
chain. The following scheme also tells you
how to simulate a continuous-time Markov
chain.

Suppose the chain starts in a fixed state
X(0) = i for i ∈ S. Let 𝜏0 = 0 and define
recursively for n ≥ 0,

𝜏n+1 = inf{t ≥ 𝜏n ∶ X(t) ≠ X(𝜏n)}.

Thus 𝜏n is the nth jump time of X, that is,
the nth time at which the process changes
its state.

How long does the chain stay in a partic-
ular state? We have

ℙi[𝜏1 > t + h ∣ 𝜏1 > t]
= ℙi[𝜏1 > t + h ∣ 𝜏1 > t, X(t) = i]
= ℙi[𝜏1 > h],

by the Markov property. This mermory-
less property is indicative of the exponential
distribution (see Example 1.8a). Recall that
Y ∼ exp(𝜆) if ℙ[Y > t] = e−𝜆t , t ≥ 0. A cal-
culation shows that

ℙ[Y > t + h ∣ Y > t] = ℙ[Y > h]
= e−𝜆h = 1 − 𝜆h + o(h), (1.30)

as h → 0.
In fact, the exponential distribution

is essentially the only distribution with
this property. So it turns out that 𝜏1 is
exponential. A heuristic calculation, which
can be justified, suggests that ℙi[𝜏1 >

h] ∼ ℙi[X(h) = i] = pii(h) = 1 − qih + o(h).
A comparison with (1.30) suggests that
𝜏1 ∼ exp(qi).

When the chain does jump, where
does it go? Now, for j ≠ i, ℙ[X(t + h) = j
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∣ X(t) = i] = pij(h) = qijh + o(h), while
ℙ[X(t + h) ≠ i ∣ X(t) = i] = qih + o(h), so a
conditional probability calculations gives

ℙ[X(t + h) = j ∣ X(t) = i, X(t + h) ≠ i]

=
qij

qi
+ o(1).

Careful argument along these lines (see,
e.g., [26, Section 14.3]) gives the next
result.13)

Theorem 1.15 Under the law ℙi of the
Markov chain started in X(0) = i, the
random variables 𝜏1 and X(𝜏1) are
independent. The distribution of 𝜏1
is exponential with rate qi. Moreover,
ℙi[X(𝜏1) = j] = qij∕qi.

Perhaps the most striking aspect of this
result is that the holding time and the jump
destination are independent. Theorem 1.15
tells us how to construct the Markov chain,
by iterating the following procedure.

• Given 𝜏n and X(𝜏n) = i, generate an
exp(qi) random variable Yn (this is easily
done via Yn = −q−1

i log Un, where
Un ∼ U[0, 1]). Set 𝜏n+1 = 𝜏n + Yn.

• Select the next state X(𝜏n+1) according to
the distribution qij∕qi.

Although this standard construction of
Markov chain sample paths goes back to
classical work of Doeblin, Doob, Feller,
and others in the 1940s, and was even
implemented by Kendall and Bartlett in
pioneering computer simulations in the
early 1950s, the scheme is known in certain
applied circles as “Gillespie’s algorithm”
after Gillespie’s 1977 paper that rederived
the construction in the context of chemical
reaction modeling.

13) Actually Theorem 1.15 assumes that we are
working with the minimal version of the pro-
cess: see, for example, [6, 26] for details of this
technical point.

Remark 1.9 Let X∗
n = X(𝜏n). Then

(X∗
n)n∈ℤ+

defines a discrete-time Markov
chain, called the jump chain associated
with X(t), with one-step transitions

p∗
ij =

{ qij

qi
if i ≠ j,

0 if i = j.
,

as long as qi > 0. If qi = 0, then p∗
ii = 1, that

is, i is an absorbing state.

1.5.5
Resolvent Computations

Consider a Markov chain with transition
functions pij(t) determined by its generator
matrix Q. The Laplace transform of pij is rij
given by

rij(𝜆) = ∫
∞

0
e−𝜆tpij(t)dt. (1.31)

Then R(𝜆) = (rij(𝜆))i,j∈S is the resolvent
matrix of the chain. A formal calculation,
which can be justified under the conditions
in force in this section, shows that R(𝜆)
can be expressed as the matrix inverse
R(𝜆) = (𝜆I − Q)−1, where I is the identity.
See Chapter 15 of the present volume for
background on Laplace transforms.

Let 𝜏 be an exp(𝜆) random variable, inde-
pendent of the Markov chain. Then

𝜆rij(𝜆) = ∫
∞

0
𝜆e−𝜆tpij(t)dt

= ∫
∞

0
ℙ[𝜏 ∈ dt]ℙi[X(t) = j ∣ 𝜏 = t],

which is just ℙi[X(𝜏) = j], the probability
that, starting from state i, the chain is in
state j at the random time 𝜏 .

Resolvents play an important role in the
theoretical development of Markov pro-
cesses, and in particular in the abstract
semigroup approach to the theory. Here,
however, we view the resolvent as a com-
putational tool, which enables, in principle,
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calculation of probabilities and hitting-time
distributions.

Specifically, (1.31) implies that pij(t)
can be recovered by inverting its Laplace
transform p̂ij(𝜆) = rij(𝜆). Moreover, let
Ti ∶= inf{t ≥ 0 ∶ X(t) = i}, the first hitting
time of state i. Write Fij(t) ∶= ℙi[Tj ≤ t],
and set fij(t) = F ′

ij(t) for the density of
the hitting-time distribution. We proceed
analogously to the discrete argument
for the proof of Lemma 1.3. An applica-
tion of the strong Markov property for
continuous-time chains (cf Section 1.3.4)
gives,

pij(t) = ∫
t

0
fij(s)pjj(t − s)ds.

The convolution theorem for Laplace
transforms (see Chapter 15) implies that
the Laplace transform of fij is given by

f̂ij(𝜆) =
rij(𝜆)
rjj(𝜆)

. (1.32)

In the next section, we give some examples
of using resolvent ideas in computations.

1.5.6
Example: A Model of Deposition,
Diffusion, and Adsorption

We describe a continuous-time Markov
model of deposition of particles that sub-
sequently perform random walks and
interact to form barriers according to an
occupation criterion, inspired by models
of submonolayer film growth [28, 29].
Particles arrive randomly one by one on a
one-dimensional substrate SN ∶= {0, 1,… ,

N + 1} and diffuse until M ≥ 2 particles
end up at the same site, when they clump
together (“nucleate”) to form an “island.”
Islands form absorbing barriers with
respect to the diffusion of other particles.
We assume that initially, sites 0 and N + 1
are occupied by M particles (so are already
islands) but all other sites are empty.

The Markov dynamics are as follows.

• At each site x ∈ SN , new particles arrive
independently at rate 𝜌 > 0.

• If at any time a site is occupied by M or
more particles, all those particles are
held in place and are inactive. Particles
that are not inactive are active.

• Each active particle independently
performs a symmetric simple random
walk at rate 1, that is, from x it jumps to
x + 1 or x − 1 each at rate 1∕2.

A state 𝜔 of the Markov process is a
vector of the occupancies of the sites
1,… ,N (it is not necessary to keep track
of the occupancies of 0 or N + 1): 𝜔(x)
is the number of particles at site x. We
can simulate the process via the expo-
nential holding-time construction of
Section 1.5.4. To do so, we need to keep
track of T(𝜔) =

∑
1≤x≤N 𝜔(x)1{𝜔(x) < M},

the total number of active particles in state
𝜔. The waiting time in a state 𝜔 is then
exponential with parameter T(𝜔) + N𝜌;
at the end of this time, with probabil-
ity T(𝜔)∕(T(𝜔) + N𝜌), one of the active
particles jumps (chosen uniformly from
all active particles, and equally likely to
be a jump left or right), else a new par-
ticle arrives at a uniform random site in
{1,… ,N}.

An analysis of the general model just
described would be interesting but is
beyond the scope of this presentation. We
use small examples (in terms of M and N) to
illustrate the resolvent methods described
in Section 1.5.5. For simplicity, we take
M = 2 and stop the process the first time
that two particles occupy any internal site.
Configurations can be viewed as elements
of {0, 1, 2}{1,2,…,N}, but symmetry can be
used to further reduce the state space for
our questions of interest.
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1.5.6.1 N = 1
Take N = 1. The state space for our Markov
chain X(t) is {0, 1, 2}, the number of parti-
cles in position 1, with X(0) = 0, and 2 as
the absorbing state. Clearly X(t) = 2 even-
tually; the only question is how long we
have to wait for absorption. The answer is
not trivial, even in this minimal example.

The generator matrix for the Markov
chain is

Q =
⎛⎜⎜⎝
−𝜌 𝜌 0
1 −1 − 𝜌 𝜌

0 0 0

⎞⎟⎟⎠ , and so

𝜆I − Q =
⎛⎜⎜⎝
𝜆 + 𝜌 −𝜌 0
−1 1 + 𝜆 + 𝜌 −𝜌
0 0 𝜆

⎞⎟⎟⎠ .
To work out p02(t), we compute r02(𝜆):

r02(𝜆) = (𝜆I − Q)−1
02 =

det
(

−𝜌 0
1 + 𝜆 + 𝜌 −𝜌

)
det(𝜆I − Q)

= 𝜌2

𝜆((𝜆 + 𝜌)2 + 𝜆)
.

Inverting the Laplace transform, we obtain

1−p02(t)=e−((1+2𝜌)∕(2))t

(
cosh
(( t

2

)√
1+4𝜌
)

+ 1+2𝜌√
1+4𝜌

sinh
(( t

2

)√
1+4𝜌
))

Q =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−3𝜌 2𝜌 𝜌 0 0 0 0 0
1
2

−1 − 3𝜌 1
2

𝜌 𝜌 0 𝜌 0
0 1 −1 − 3𝜌 2𝜌 0 0 0 𝜌

0 0 1
2

−2 − 3𝜌 1
2

𝜌
1
2
+ 𝜌 1

2
+ 𝜌

0 1 0 1 −2 − 3𝜌 𝜌 2𝜌 0
0 0 0 1 0 −3 − 3𝜌 1 + 2𝜌 1 + 𝜌
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

∼ 1
2

(
1 + 1 + 2𝜌√

1 + 4𝜌

)
exp
{
− t

2

(
1 + 2𝜌 −

√
1 + 4𝜌

)}
,

as t → ∞.

For example, if 𝜌 = 3∕4, the exact expres-
sion simplifies to

p02(t) = 1 − 9
8

e−t∕4 + 1
8

e−9t∕4.

As in this case, 2 is absorbing, ℙ[T2 ≤ t] =
ℙ[X(t) = 2] = p02(t), so

f02(t) =
d
dt

p02(t) =
9

32
(e−t∕4 − e−9t∕4),

in the 𝜌 = 3∕4 example. The same answer
can be obtained using (1.32).

1.5.6.2 N = 3
For the problem of the distribution of the
point of the first collision, the first nontriv-
ial case is N = 3. Making use of the symme-
try, we can now describe the Markov chain
with the 8 states

(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 1, 0),
(1, 0, 1), (1, 1, 1), (2, ∗, ∗), (∗, 2, ∗),

in that order, where each ∗ indicates either
a 0 or a 1; so for example (1, 0, 0) stands for
(1, 0, 0) or (0, 0, 1). The generator matrix is
now
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The probability of the first collision
occurring at the midpoint is

z(𝜌) = ℙ
[

lim
t→∞

X(t) = (∗, 2, ∗)
]
.

According to MAPLE, inverting the appro-
priate Laplace transform gives

z(𝜌)= 1
9
⋅

486𝜌4+1354𝜌3+1375𝜌2+598𝜌+87
162𝜌4+414𝜌3+392𝜌2+160𝜌 + 23

.

In particular, if deposition dominates diffu-
sion,

lim
𝜌→∞

z(𝜌) = 1
9
⋅

486
162

= 1
3
,

which is as it should be!

1.6
Gibbs and Markov Random Fields

We have so far focused on stochastic
processes that vary through time. In this
section and in Section 1.7, we take a detour
into spatial processes. The role of space
in our models is played by an underlying
graph structure, describing vertices V and
the edges E that connect them. This section
is devoted to random fields, that is, ensem-
bles of random variables associated with
the vertices subject to certain constraints
imposed by the edges.

Let G = (V ,E) be an undirected finite
graph with vertex set V and edge set
E consisting of pairs (i, j) where i, j ∈ V ;
(i, j) ∈ E indicates an edge between vertices
i and j.14) With this graph, we associate
random variables {Xi} for i ∈ V ; to keep
things simple, we take Xi ∈ {−1, 1}.

We consider two ways of specifying these
random variables – as Gibbs or Markov

14) Our graphs are undirected, which means that
(i, j) = (j, i) is an unordered pair.

random fields – and the relationship
between the two. Finally, we will consider
how to use ideas from Markov chains
(Section 1.3) to simulate a Markov random
field.

1.6.1
Gibbs Random Field

To define a Gibbs random field, we need the
concept of a clique. A clique in G = (V ,E) is
a subset K of V such that E contains all the
possible edges between members of K ; we
include the set of no vertices ∅ as a clique.
Let  be the set of all cliques of graph G.

Let x = (x1,… , x|V |) ∈ {−1, 1}V denote
an assignment of a value ±1 to each ver-
tex of G. For K ⊆ V we write x|K for the
restriction of x to K . The random variables
{Xi}i∈V on G constitute a Gibbs random
field if, for all x ∈ {−1, 1}V ,

ℙ[Xi = xi for all i ∈ V ]

= 1
Z

exp
{∑

K∈
fK (x|K )}, (1.33)

where fK ∶ {−1, 1}|K | → ℝ for each clique
K , and Z is a normalization:

Z =
∑

x∈{−1,1}V

exp
{∑

K∈
fK (x|K )}.

To see why this is a natural definition
for the law of {Xi} in many situations,
consider associating an energy func-
tion  ∶ {−1, 1}V → ℝ to the states.
We seek the maximum entropy distri-
bution for {Xi}i∈V for a given mean
energy. So we want to find the proba-
bility mass function, f , on {−1, 1}V that
maximizes −

∑
x∈{−1,1}V f (x) log f (x) sub-

ject to
∑

x∈{−1,1}V f (x)(x) = const. One
can show this is achieved by

f (x) ∝ exp{−𝛽(x)},
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where 𝛽 ∈ (0,∞) is chosen to obtain the
required energy. (The analogy here is
between 𝛽 and the inverse temperature
1∕(kT) in thermodynamics.) Now if  can
be decomposed as a sum over the cliques
of the graph, we recover (1.33).

Example 1.20 [Ising model] Consider the
N × N grid in two dimensions. We label
the vertices by members of the set LN =
{1,… ,N} × {1,… ,N}. We put an edge
between i = (i1, i2) and j = (j1, j2) if |i1 −
j1| + |i2 − j2| = 1; this adjacency condition
we write as i ∼ j. Here the clique set  is
made up of the empty set, singleton nodes,
and pairs of nodes that are distance one
apart in the lattice.

Given constants 𝛽 > 0, J > 0, and
h ∈ ℝ we consider the Gibbs random
field with probability mass function
f (x) = Z−1 exp{−𝛽(x)}, where

(x) = −J
∑

i,j∈LN ∶i∼j
XiXj − h

∑
i∈LN

Xi.

The sum over pairs of nodes (the interac-
tion term) means that neighboring nodes
have a propensity to be in the same state.
The second (external field) term leads
to nodes more likely to be in either of
the states 1 or −1, depending on the sign
of h.

This model has been studied widely as a
model for ferromagnetism and was initially
proposed by Ising [30] under the guidance
of Lenz. The Potts model is a generaliza-
tion with q-valued states and more general
interactions: see [31].

1.6.2
Markov Random Field

We now consider a second specification
of random field that adapts the Markov
property to spatial processes. For a given

subset W ⊆ V , we define its boundary as

𝜕W = {v ∈ V ⧵ W ∶ (v,w) ∈ E
for some w ∈ W}.

The concept of Markov random field
extends the temporal Markov property
(1.12), which said that, conditional on the
previous states of the process, the future
depends on the past only through the
present, to a spatial (or topological) one.
This “Markov property” will say that the
state of nodes in some set of vertices W
conditioned on the state of all the other
vertices only depends on the state of the
vertices in 𝜕W .

The random variables {Xi}i∈V on G con-
stitute a Markov random field if

• they have a positive probability mass
function,

ℙ[{Xi}i∈V = x] > 0,
for all x ∈ {−1, 1}V ,

• and obey the global Markov property: for
all W ⊆ V ,

ℙ[{Xi}i∈W =x|W ∣ {Xi}i∈V⧵W =x|V⧵W ]
= ℙ[{Xi}i∈W =x|W ∣{Xi}i∈𝜕W =x|𝜕W ].

Example 1.21 As in Example 1.20, con-
sider a random field taking values±1 on the
vertices of the N × N lattice. We specify the
(conditional) probability that a vertex, i, is
in state 1, given the states of its neighbors
to be

e𝛽(h+Jyi)

e−𝛽(h+Jyi) + e𝛽(h+Jyi)
, where yi =

∑
j∼i

xj.

(1.34)
Here 𝛽 > 0, J > 0, and h ∈ ℝ are param-
eters. The larger yi, which is the number
of neighbours of i with spin +1 minus the
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number with spin −1, the greater the prob-
ability that vertex i will itself have state 1.

1.6.3
Connection Between Gibbs and Markov
Random Fields

In Examples 1.20 and 1.21, we have used
the same notation for the parameters. In
fact, both specifications (one Gibbs, the
other Markov) define the same probability
measure on {−1, 1}V . This is an example of
the following result.

Theorem 1.16 (Hammersley–Clifford
theorem) The ensemble of random vari-
ables {Xi}i∈V on G is a Markov random field
if and only if it is a Gibbs random field with
a positive probability mass function.

A proof can be found in [31]. From this
point forward, we will use the terms Gibbs
random field and Markov random field
interchangeably.

1.6.4
Simulation Using Markov Chain Monte
Carlo

Direct simulation of a Gibbs random field
on a graph is computationally difficult
because the calculation of the normalizing
constant, Z, requires a sum over all the pos-
sible configurations. In many situations,
this is impractical. Here we consider an
alternative way to simulate a Gibbs random
field making use of Markov chains.

We saw in Section 1.3.7 that an irre-
ducible, aperiodic Markov chain converges
to its stationary distribution. The idea now
is to design a Markov chain on the state
space {−1, 1}V whose stationary distribu-
tion coincides with the desired Gibbs ran-
dom field. We simulate the Markov chain
for a long time to obtain what should be a
distribution close to stationarity, and hence,

a good approximation to a realization of the
Gibbs random field.

We initialize the Markov chain with any
initial state 𝜎 ∈ {−1, 1}V . To update the
state of the chain, we randomly select a ver-
tex uniformly from all vertices in the graph.
We will update the state associated with
this vertex by randomly selecting a new
state using the conditional probabilities
given, subject to the neighboring vertices’
states, taking advantage of the Markov
random field description. For example, in
Example 1.21, we set the node state to 1
with probability given by (1.34) and to −1,
otherwise.

It is easy to check that this Markov
chain is irreducible, aperiodic, and has the
required stationary distribution. This is an
example of a more general methodology of
using a Markov chain with simple update
steps to simulate from a distribution that
is computationally difficult to evaluate
directly, called Markov chain Monte Carlo.
Specifically, we have used a Gibbs sampler
here, but there are many other schemes for
creating a Markov chain with the correct
stationary distribution. Many of these
techniques have been developed within the
setting of Bayesian statistics but have appli-
cations in many other fields, including spin
glass models and theoretical chemistry.

1.7
Percolation

Consider the infinite square lattice ℤ2.
Independently, for each edge in the lattice,
the edge is declared open with probability
p; else (with probability 1 − p) it is closed.
This model is called bond percolation on
the square lattice.

For two vertices x, y ∈ ℤ2 write x ←→ y
if x and y are joined by a path consisting of
open edges in the percolation model on ℤ2.
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The open cluster containing vertex x, C(x),
is the (random) set of all vertices joined to
x by an open path

C(x) ∶= {y ∈ ℤ2 ∶ y ←→ x}.

A fundamental question in percolation
regards the nature of C(0), the open cluster
at 0, and how its (statistical) properties
depend on the parameter p.

We write ℙp for the probability associ-
ated with percolation with parameter p.
Write |C(0)| for the number of vertices in
the open cluster at 0. The percolation prob-
ability is

𝜃(p) = ℙp[|C(0)| = ∞].

By translation invariance, 𝜃(p) ∈ [0, 1] is
not specific to the origin: ℙp[|C(x)| = ∞] =
𝜃(p) for any x.

Let H∞ be the event that |C(x)| = ∞ for
some x. It is not hard to show that

𝜃(p) = 0 =⇒ ℙp[H∞] = 0
𝜃(p) > 0 =⇒ ℙp[H∞] = 1.

We state a fundamental result that may
seem obvious; the proof we give, due to
Hammersley, demonstrates the effective-
ness of another probabilistic tool: coupling.

Lemma 1.8 𝜃(p) is nondecreasing as a
function of p.

Proof. List the edges of the lattice ℤ2 in
some order as e1, e2,…. Let U1,U2,… be
independent uniform random variables on
[0, 1]. Assign Ui to edge ei.

Let Ep = {ei ∶ Ui ≤ p}. Then Ep is the
set of open edges in bond percolation
with parameter p. This construction cou-
ples bond percolation models for every
p ∈ [0, 1] in a monotone way: if ei ∈ Ep
then ei ∈ Eq for all q ≥ p.

Let Cp(0) denote the cluster con-
taining 0 using edges in Ep. If p ≤ q,
then by construction Cp(0) ⊆ Cq(0). So
{|Cp(0)| = ∞} ⊆ {|Cq(0)| = ∞}, and
hence, 𝜃(p) ≤ 𝜃(q).

As 𝜃(p) is nondecreasing, and clearly
𝜃(0) = 0 and 𝜃(1) = 1, there must be some
threshold value

pc ∶= inf{p ∈ [0, 1] ∶ 𝜃(p) > 0}.

So for p < pc, ℙp[H∞] = 0, while for p > pc,
ℙp[H∞] = 1.

The first question is this: is there a non-
trivial phase transition, that is, is 0 < pc <

1? This question was answered by Broad-
bent and Hammersley in the late 1950s.

Proposition 1.2 1∕3 ≤ pc ≤ 2∕3.

Proof of pc ≥ 1∕3 Let An be the event that
there exists a self-avoiding open path start-
ing at 0 of length n. Then

A1 ⊇ A2 ⊇ A3 · · · and
∞⋂

n=1
An = {|C(0)| = ∞}.

So 𝜃(p) = ℙp[|C(0)| = ∞] = limn→∞ ℙp
[An], by continuity of probability measure
(see Section 1.A). Let Γn be the set of all
possible self-avoiding paths of length n
starting at 0. Then

ℙp[An] = ℙp

⋃
𝛾∈Γn

{𝛾 is open}

≤ ∑
𝛾∈Γn

ℙp[𝛾 is open] = |Γn|pn

≤ 4 ⋅ 3n−1 ⋅ pn,

which tends to 0 if p < 1∕3. So pc ≥ 1∕3.

On the basis of pioneering Monte Carlo
simulations, Hammersley conjectured that
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pc was 1∕2. Harris proved in 1960 that
𝜃(1∕2) = 0, which implies that pc ≥ 1∕2. It
was not until 1980 that a seminal paper of
Kesten settled things.

Theorem 1.17 (Harris 1960, Kesten
1980) pc = 1∕2.

Harris’s result 𝜃(1∕2) = 0 thus means
that 𝜃(pc) = 0; this is conjectured to be the
case in many percolation models (e.g., on
ℤd , it is proved for d = 2 and d ≥ 19, but is
conjectured to hold for all d ≥ 2). In recent
years, there has been much interest in the
detailed structure of percolation when
p = pc. The Schramm–Loewner evolution
has provided an important new mathemat-
ical tool to investigate physical predictions,
which often originated in conformal field
theory; see [32].

1.8
Further Reading

A wealth of information on stochastic
processes and the tools that we have
introduced here can be found in [2, 5, 9,
20, 26], for example. All of those books
cover Markov chains. The general theory
of Markov processes can be found in [2,
9], which also cover the connection to
semigroup theory. Feller gives a masterly
presentation of random walks and generat-
ing functions [20] and Laplace transforms,
characteristic functions, and their appli-
cations [9]. Branching processes can be
found in [5, 20]. A thorough treatment of
percolation is presented in [33]. We have
said almost nothing here about Brownian
motion or diffusions, for which we refer the
reader to Chapter 3 of this volume as well as
[2, 5, 9, 26]. Physicists and mathematicians
alike find it hard not to be struck by the
beauty of the connection between random
walks and electrical networks, as exposited

in [34]. Applications of stochastic processes
in physics and related fields are specifically
treated in [27, 35]; the array of applications
of random walks alone is indicated in
[19, 36, 37].

1.A
Appendix: Some Results from Probability
Theory

There is no other simple mathematical
theory that is so badly taught to physi-
cists as probability.

– R. F. Streater [38, p. 19].
Essentially, the theory of probability
is nothing but good common sense
reduced to mathematics.

– P.-S. de Laplace, Essai philosophique
sur les probabilités, 1813.

Kolmogorov’s 1933 axiomatization of
probability on the mathematical founda-
tion of measure theory was fundamental
to the development of the subject and is
essential for understanding the modern
theory. Many excellent textbook treat-
ments are available. Here we emphasize a
few points directly relevant for the rest of
this chapter.

1.A.1
Set Theory Notation

A set is a collection of elements. The
set of no elements is the empty set ∅.
Finite nonempty sets can be listed as
S = {a1,… , an}. If a set S contains an ele-
ment a, we write a ∈ S. A set R is a subset
of a set S, written R ⊆ S, if every a ∈ R also
satisfies a ∈ S. For two sets S and T , their
intersection is S ∩ T , the set of elements
that are in both A and B, and their union is
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S ∪ T , the set of elements in at least one of
S or T . For two sets S and T , “S minus T” is
the set S ⧵ T = {a ∈ S ∶ a ∉ T}, the set of
elements that are in S but not in T .

Note that S ∩ ∅ = ∅, S ∪ ∅ = S, and S ⧵
∅ = S.

1.A.2
Probability Spaces

Suppose we perform an experiment that
gives a random outcome. Let Ω denote the
set of all possible outcomes: the sample
space. To start with, we take Ω to be dis-
crete, which means it is finite or countably
infinite. This means that we can write Ω as
a (possibly infinite) list:

Ω = {𝜔1, 𝜔2, 𝜔3,…},

where 𝜔1, 𝜔2, 𝜔3,… are the possible out-
comes to our experiment.

A set A ⊆ Ω is called an event. Given
events A,B ⊆ Ω, we can build new events
using the operations of set theory:

• A ∪ B (“A or B”), the event that A
happens, or B happens, or both.

• A ∩ B (“A and B”), the event that A and B
both happen.
Two events A and B are called disjoint or

mutually exclusive if A ∩ B = ∅.
We want to assign probabilities to events.

Let Ω be a nonempty discrete sample space.
A functionℙ that gives a valueℙ[A] ∈ [0, 1]
for every subset A ⊆ Ω is called a discrete
probability measure on Ω if

(P1) ℙ[∅] = 0 and ℙ[Ω] = 1;
(P2) For any A1,A2,… , pairwise disjoint

subsets of Ω (so Ai ∩ Aj = ∅ for i ≠ j),

ℙ

[ ∞⋃
i=1

Ai

]
=

∞∑
i=1

ℙ[Ai] (𝜎−additivity).

Given Ω and a probability measure ℙ, we
call (Ω,ℙ) a discrete probability space.

Remark 1.10 For nondiscrete sample
spaces, we may not be able to assign prob-
abilities to all subsets of Ω in a sensible
way, and so smaller collections of events
are required. In this appendix, we treat the
discrete case only, as is sufficient for most
(but not all) of the discussion in this chapter.
For the more general case, which requires
a deeper understanding of measure theory,
there are many excellent treatments, such
as [1, 2, 39, 40].

For an event A ⊆ Ω, we define its com-
plement, denoted Ac and read “not A”, to
be Ac ∶= Ω ⧵ A = {𝜔 ∈ Ω ∶ 𝜔 ∉ A}. Note
that (Ac)c = A, A ∩ Ac = ∅, and A ∪ Ac = Ω.

If (Ω,ℙ) is a discrete probability space,
then

• For A ⊆ Ω, ℙ[Ac] = 1 − ℙ[A];
• If A,B ⊆ Ω and A ⊆ B, then ℙ[A] ≤ ℙ[B]

(monotonicity);
• If A,B ⊆ Ω, then
ℙ[A ∪ B] = ℙ[A] + ℙ[B] − ℙ[A ∩ B]. In
particular, if A ∩ B = ∅,
ℙ[A ∪ B] = ℙ[A] + ℙ[B].

It follows from this last statement that
ℙ[A ∪ B] ≤ ℙ[A] + ℙ[B]; more generally,
we have the elementary but useful Boole’s
inequality: ℙ[∪nAn] ≤ ∑n ℙ[An].

At several points we use the continuity
property of probability measures:

• If A1 ⊆ A2 ⊆ A3 ⊆ · · · are events, then
ℙ[∪∞

i=1Ai] = limn→∞ ℙ[An].
• If A1 ⊇ A2 ⊇ A3 ⊇ · · · are events, then
ℙ[∩∞

i=1Ai] = limn→∞ ℙ[An].

To see the first statement, we can write
∪∞

i=1Ai = ∪∞
i=1(Ai ⧵ Ai−1), where we set A0 =
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∅, and the latter union is over pairwise dis-
joint events. So, by 𝜎-additivity,

ℙ[∪∞
i=1Ai] =

∞∑
i=1

ℙ[Ai ⧵ Ai−1]

= lim
n→∞

n∑
i=1

ℙ[Ai ⧵ Ai−1].

But
∑n

i=1 ℙ[Ai ⧵ Ai−1] = ℙ[∪n
i=1(Ai ⧵

Ai−1)] = ℙ[An], giving the result. The
second statement is analogous.

1.A.3
Conditional Probability and Independence
of Events

If A and B are events withℙ[B] > 0 then the
conditional probability ℙ[A ∣ B] of A given
B is defined by

ℙ[A ∣ B] ∶= ℙ[A ∩ B]
ℙ[B]

.

A countable collection of events
E1,E2,… is called a partition of Ω if

(a) for all i, Ei ⊆ Ω and Ei ≠ ∅;

(b) for i ≠ j, Ei ∩ Ej = ∅ (the events are
disjoint);

(c)
⋃

i Ei = Ω (the events fill the sample
space).

Let E1,E2,… be a partition of Ω. Follow-
ing from the definitions is the basic law of
total probability, which states that for all
A ⊆ Ω,

ℙ[A] =
∑

i
ℙ[Ei]ℙ[A ∣ Ei].

A countable collection (Ai, i ∈ I) of
events is called independent if, for every
finite subset J ⊆ I,

ℙ
[⋂

j∈J
Aj

]
=
∏
j∈J

ℙ[Aj].

In particular, two events A and B are inde-
pendent if ℙ[A ∩ B] = ℙ[A]ℙ[B] (i.e., if
ℙ[B] > 0, ℙ[A ∣ B] = ℙ[A]).

1.A.4
Random Variables and Expectation

Let (Ω,ℙ) be a discrete probability space. A
function X ∶ Ω → ℝ is a random variable.
So each 𝜔 ∈ Ω is mapped to a real number
X(𝜔). The set of possible values for X
is X(Ω) = {X(𝜔) ∶ 𝜔 ∈ Ω} ⊂ ℝ. Notice
that because Ω is discrete, X(Ω) must be
also.

If X and Y are two random variables
on (Ω,ℙ), then X + Y , XY , and so on, are
also random variables. For example, (X +
Y )(𝜔) = X(𝜔) + Y (𝜔). In some cases (such
as the expected hitting times defined at
(1.18)), we extend the domain of a random
variable from ℝ to ℝ ∪ {∞}.

The probability mass function of a dis-
crete random variable X is the collection
ℙ[X = x] for all x ∈ X(Ω). The distribution
function of X is F ∶ ℝ → [0, 1] given by
F(x) = ℙ[X ≤ x].

Example 1.22 [Bernoulli and binomial dis-
tributions] Let n be a positive integer and
p ∈ [0, 1]. We say X has a binomial distri-
bution with parameters (n, p), written X ∼
Bin(n, p), if ℙ[X = k] =

(n
k

)
pk(1 − p)n−k for

k ∈ {0, 1,… , n}. The case Y ∼ Bin(1, p) is
the Bernoulli distribution; here ℙ[Y = 1] =
p = 1 − ℙ[Y = 0] and we write Y ∼ Be(p).
The binomial distribution has the following
interpretation: Perform n independent “tri-
als” (e.g., coin tosses) each with probability
p of “success” (e.g., “heads”), and count the
total number of successes.

Example 1.23 [Poisson distribution] Let
𝜆 > 0 and pk ∶= e−𝜆(𝜆k∕k!) for k ∈ ℤ+.
If ℙ[X = k] = pk , X is a Poisson random
variable with parameter 𝜆.



36 1 Stochastic Processes

Let X be a discrete random variable. The
expectation, expected value, or mean of X is
given by

𝔼[X] =
∑

x∈X(Ω)
xℙ[X = x],

provided the sum is finite. The variance
of X is 𝕍ar[X] = 𝔼[(X − 𝔼[X])2] = 𝔼[X2] −
(𝔼[X])2.

Example 1.24 [Indicator variables.] Let A
be an event. Let 1A denote the indicator
random variable of A, that is, 1A ∶ Ω →
{0, 1} given by

1A(𝜔) ∶=
{

1 if 𝜔 ∈ A
0 if 𝜔 ∉ A

So 1A is 1 if A happens and 0 if not. Then

𝔼[1A] = 1 ⋅ ℙ[1A = 1] + 0 ⋅ ℙ[1A = 0]
= ℙ[1A = 1] = ℙ[A].

Expectation has the following basic prop-
erties. For X and Y random variables with
well-defined expectations and a, b ∈ ℝ,

(a) 𝔼[aX + bY ] = a𝔼[X] + b𝔼[Y ] (lin-
earity).

(b) If ℙ[X ≤ Y ] = 1, then 𝔼[X] ≤ 𝔼[Y ]
(monotonicity).

(c) |𝔼[X]| ≤ 𝔼[|X|] (triangle inequality).

(d) If h ∶ X(Ω) → ℝ, then 𝔼[h(X)] =∑
x∈X(Ω) h(x)ℙ[X = x] (“law of the

unconscious statistician”).

Let X be a nonnegative random vari-
able. Then, for any x > 0, x1{X ≥ x} ≤ X
holds with probability 1. Taking expec-
tations and using monotonicity yields
ℙ[X ≥ x] ≤ x−1𝔼[X]. This is usually known
as Markov’s inequality, although it is also
sometimes referred to as Chebyshev’s

inequality.15) Applying Markov’s inequality
to e𝜃X , 𝜃 > 0, gives

ℙ[X ≥ x] = ℙ[e𝜃X ≥ e𝜃x] ≤ e−𝜃x𝔼[e𝜃X],

which is sometimes known as Chernoff ’s
inequality.

Let (Ω,ℙ) be a discrete probability space.
A family (Xi, i ∈ I) of random variables is
called independent if for any finite subset
J ⊆ I and all xj ∈ Xj(Ω),

ℙ
(⋂

j∈J
{Xj = xj}

)
=
∏
j∈J

ℙ(Xj = xj).

In particular, random variables X and
Y are independent if ℙ[X = x, Y = y] =
ℙ[X = x]ℙ[Y = y] for all x and y.

Theorem 1.18 If X and Y are independent,
then 𝔼[XY ] = 𝔼[X]𝔼[Y ].

A consequence of Theorem 1.18 is that
if X and Y are independent, then 𝕍ar[X +
Y ] = 𝕍ar[X] + 𝕍ar[Y ].

Example 1.25

(a) If Y ∼ Be(p) then 𝔼[Y ] = 𝔼[Y 2] =
p ⋅ 1 + (1 − p) ⋅ 0 = p, so 𝕍ar[Y ] =
p − p2 = p(1 − p).

(b) If X ∼ Bin(n, p) then we can write
X =
∑n

i=1 Yi where Yi ∼ Be(p) are
independent. By linearity of expec-
tation, 𝔼[X] =

∑n
i=1 𝔼[Yi] = np.

Also, by independence, 𝕍ar[X] =∑n
i=1 𝕍ar[Yi] = np(1 − p).

1.A.5
Conditional Expectation

On a discrete probability space (Ω,ℙ), let
B be an event with ℙ[B] > 0 and let X be

15) Chebyshev’s inequality is the name more com-
monly associated with Markov’s inequality
applied to the random variable (X − 𝔼[X])2, to
give ℙ[|X − 𝔼[X]| ≥ x] ≤ x−2𝕍ar[X].
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a random variable. The conditional expec-
tation of X given B is

𝔼[X ∣ B] =
∑

x∈X(Ω)
xℙ[X = x ∣ B].

So 𝔼[X ∣ B] can be thought of as expecta-
tion with respect to the conditional proba-
bility measure ℙ[ ⋅ ∣ B]. An alternative is

𝔼[X ∣ B] =
𝔼[X1B]
ℙ[B]

, (1.35)

where 1B is the indicator random variable
of B. The proof of (1.35) is an exercise in
interchanging summations. First,

𝔼[X ∣ B] =
∑

x∈X(Ω)
xℙ[X = x ∣ B]

=
∑

x∈X(Ω)
xℙ[{X = x} ∩ B]

ℙ[B]
. (1.36)

On the other hand, the random variable
1BX takes values x ≠ 0 with

ℙ[1BX = x] =
∑

𝜔∈Ω∶𝜔∈B∩{X=x}
ℙ[{𝜔}]

= ℙ[{X = x} ∩ B],

so by comparison we see that the final
expression in (1.36) is indeed 𝔼[1BX]∕ℙ[B].

Let (Ei, i ∈ I) be a partition of Ω, so∑
i∈I 1Ei

= 1. Hence,

𝔼[X] = 𝔼
[
X
∑
i∈I

1Ei

]
= 𝔼
[∑

i∈I
X1Ei

]
=
∑
i∈I

𝔼[X1Ei
],

by linearity. By (1.35), 𝔼[X1Ei
] = 𝔼[X ∣

Ei]ℙ[Ei]. Thus we verify the partition
theorem for expectations:

𝔼[X] =
∑
i∈I

𝔼[X ∣ Ei]ℙ[Ei].

Given two discrete random variables X
and Y , the conditional expectation of X

given Y , denoted 𝔼[X ∣ Y ], is the random
variable 𝔼[X ∣ Y ](𝜔) = 𝔼[X ∣ Y = Y (𝜔)],
which takes values 𝔼[X ∣ Y = y] with
probabilities ℙ[Y = y].
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