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The Mossbauer Effect

1.1
Resonant Scattering of y-Rays

It was at the beginning of the 20th century that resonant scattering of light
became experimentally verified. For example, when a beam of yellow light (the
D-lines) from a sodium lamp goes through a flask with low-pressure sodium
vapor in it, sodium atoms in the 2S ground state will have a relatively large prob-
ability of absorbing the incident photons and making a transition to the excited
2P state (as shown in Fig. 1.1). When these atoms return to the ground state,
they emit a yellow light of the same wavelength (known as resonance fluores-
cence) in all spatial directions. In the original direction of the incident beam, the
light intensity will be substantially reduced. This phenomenon can be considered
as a process of resonant scattering of photons.

In 1929, Kuhn [1] pointed out that a similar y-ray resonant scattering phenom-
enon should also exist for the nuclei. However, research during the next twenty
plus years failed to produce satisfactory experimental results to support his pre-
dictions. The reason was quite clear. Because of the law of momentum conserva-
tion, after emitting a y-ray, the nucleus obtains a velocity in the opposite direction
(recoil). Compared to the recoil velocity of an atom when the atom emits a visible
photon, the nucleus recoils with a velocity several orders of magnitude larger,
takes enough energy away from the emitted y-ray, and prevents the observation
of resonance absorption. We will now discuss this in detail.

Suppose a free nucleus of mass M and initial velocity v is in the excited state E,
emitting a y-ray in the x-direction when it returns to the ground state. Figure 1.2
shows the energy levels and recoil of the nucleus, where v, is the x-component of
the initial velocity and vy its recoil velocity (relative to vy). According to momen-
tum conservation and energy conservation, we have

E,
Mo, = 2+ M(v, — vR)
. ¢ . (1.1)
E. +EMux2 = Fg + E, + 5 M(v, - vr)?
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Fig. 1.1 Schematic diagram of resonance scattering of light.
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Fig. 1.2 Recoil of a nucleus after emitting a y-ray.

where E is the ground state energy of the nucleus and E, is the energy of the
emitted y-ray. From the above equations, we obtain

1
E, = (E. — Eg) — EMUIQ + Mvo,vg = Eg — Ex + Ep, (1.2)

where E, is the energy difference between the excited state and the ground state
Ey = E. — E,, (1.3)
Eg is the recoil energy

E,?
2Mc?’

1
Ep = EMvﬁ = (1.4)

and Ep depends on the initial velocity v, and is due to the Doppler effect (known
as the Doppler energy shift)

Ep = Moyug = U—ZE (15)

7

We will now consider the following two cases (v, = 0 and v, # 0) separately.

(a) If vy =0, then Ep = 0. In this case, the excited nucleus is at rest. The
energy spectrum of the emitted y-rays from such nuclei is shown by the dashed
line in Fig. 1.3. The spectrum is a sharp peak centered at Ey — Eg, and its width at
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Fig. 1.3 Emission and absorption y-ray spectra when recoil is present.

the half height is nearly the same as the natural width (T',) of the excited energy
level.

The nuclei in the ground state (E;) may resonantly absorb the incident y-rays
and transit to the excited state (E.). The energy distribution of these absorbed
y-rays is identical to the emission spectrum, except for a shift of Eg to the right
of Ey, as shown in Fig. 1.3. The energy difference between the emitted and the
absorbed y-rays is 2Eg. Therefore, the fundamental condition necessary for the
photon’s resonant scattering is

Iy

TR (1.6)
that is, the recoil energy must be less than half of the natural width of the excited
state. Comparing the data for the *’Fe nucleus and the sodium atom in Table 1.1,
we can easily see that for the Na atom, condition (1.6) is completely satisfied,
because the emission spectrum and the absorption spectrum are almost overlap-
ping, resulting in very large probability for resonant absorption. For the 3’ Fe nu-
cleus, however, its I',, /2Eg value is far from satisfying condition (1.6). Although
the natural widths Iy, of a nucleus and an atom are comparable, the former gives
a much more energetic photon than the latter, usually by three orders of magni-

Table 1.1 Comparison between photon emissions from the >’ Fe nucleus
and the Na atom while each decays from its first excited state to the
ground state.

E,(eV) Ty (eV) Eg (eV) T,/2Ex

7Fe nucleus 14.4 x 103 4.65 x 107° 1.95 x 1073 1.2 x107°
Na atom (D-lines) 2.1 4.39 x 1078 1.0 x 10710 2.2 x 10%

3
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tude. This makes their Er values differ by more than six orders of magnitude,
and this is the reason why resonant absorption of y-rays is usually not observed.

(b) For v, # 0, the situation is more common. Because of the random thermal
motions of free atoms, their velocities v, may have large variations, described by
the Maxwell distribution

M 1/2 M )
p(Ux) de = (W) exp (-mlﬂx > de

where kg is Boltzmann’s constant and T is the absolute temperature. This distri-
bution will greatly broaden the emission spectrum (or the absorption spectrum),
as indicated by the solid line in Fig. 1.3. This broadening is due to the Doppler
effect, and hence is known as Doppler broadening. Since the width of the above
velocity distribution is 2(2ks T In 2/M)"/?, the width of the emission spectral line
is then

AED = MUR (2\ / ZkBT]wh'lz> =4 ER’CBT In 2. (17)

For >Fe at T = 300 K, AEp = 2.4 x 1072 eV > 2FEg. This means that the emission
spectrum partially overlaps the absorption spectrum (the shaded region in Fig.
1.3), and it may be possible to observe some effect of resonant absorption.

1.2
The Méssbauer Effect

1.2.1
Compensation for Recoil Energy

As discussed above, if the nucleus is free to move, the lost energy due to recoil
must be compensated before substantial resonance absorption of y-rays can be ob-
served. Several ingenious experiments were devised to achieve this compensation,
two of which are briefly explained here.

The first experiment made use of mechanical motion of the source [2]. The ra-
dioactive source was mounted on the tip of a high-speed rotor. Due to the Dop-
pler effect, the y-rays acquired an additional energy AE,

AE = ;E (1.8)

It was possible to adjust the speed v of the rotor to completely compensate the
recoil energy loss, ie., (v/c)E, = 2Eg (for Fe, v =81 m s™!). This experiment
had two problems. First, only during a very short portion of the rotation period
could the emitted y-rays be used in the experiment, and thus the source was
largely under-utilized. Second, the experiment was limited by the maximum ob-
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tainable speed of the mechanical rotor and especially by the poor stability of the
rotor speed.

The second experiment used the fact described in Eq. (1.7) that the Doppler
broadening is increased by raising the temperature. As a result, it would cause
increases in the overlapping region in Fig. 1.3, and therefore increases in the
probability of resonance absorption.

By the above means, the phenomenon of jy-ray resonant absorption had been
observed before 1954, but a major shortcoming was that these resonance absorp-
tion experiments all involved recoil, which would never be practically significant
due to low y-ray counts and poor energy resolution. A historic discovery by Méss-
bauer of resonant absorption without recoil completely eliminated the need for the
above effort to compensate the energy loss. We will now describe this discovery.

1.2.2
The Discovery of the Mossbauer Effect

In 1958, Rudolf L. Méssbauer 3] was investigating the resonant absorption of the
129 keV y-ray in 'Ir nucleus and discovered that if the source nuclei *'Os and
absorber nuclei 'Ir were rigidly bound in crystal lattices, the recoil could be ef-
fectively eliminated and the resonant absorption was readily observed.

In a crystal lattice, an atom is held in its equilibrium position by strong
chemical bonds corresponding to an energy of typically 10 eV. For the 129 keV
transition in free 'Ir nucleus (Fig. 1.4), the recoil energy is 4.7 x 1072 eV,
much smaller than the chemical bond energy. Therefore, from the classical view-
point, when the y-ray is emitted by a nucleus bound in a lattice, the nucleus will
not recoil alone, but the entire crystal lattice recoils together (a total of about 10'®
atoms). In this case, the mass M in the denominator of Eq. (1.4) should be the
mass of the whole crystal, not the individual nucleus. This reduces the recoil en-
ergy to a negligible amount (~10~%° eV). Consequently, Eq. (1.6) is satisfied, Eq.
(1.2) is simplified to E, ~ Ey, and the entire process becomes a recoilless resonant
absorption. A more exact explanation of this phenomenon is given by a quantum
mechanical description in Section 1.5.

191
Os 9/2-

11/2-

171 keV
v — 1 5o

32+

917

Fig. 1.4 Decay scheme of '¥'Os.
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Fig. 1.5 Resonance absorption curve of the 129 keV j-rays by '*'Ir.

In Mossbauer’s first experiment where he observed recoilless resonance
absorption of y-rays, the radiation source was a crystal containing 1°!Os and the
absorber was an iridium crystal, both at a temperature of 88 K. A platinum (Pt)
comparison absorber of the same thickness was used to measure the background.
Because the process was recoilless, the Doppler velocity only needed to be small,
about several centimeters per second. The results from that first experiment are
reproduced in Fig. 1.5, where the horizontal axis represents the y-ray energy vari-
ation AE (or source velocity v). When the source is moving towards the absorber,
v > 0, and when the source is moving away from the absorber, v < 0. The vertical
axis represents the relative change in the y-ray intensity, (I;; — Ip¢)/Ipt, where I,
and Ip, are the y-ray intensities transmitted through the Ir and Pt absorbers,
respectively.

As shown in Fig. 1.5 and pointed out by Méssbauer, the width of the spectrum
is 4.6 x 107® eV, which is just slightly more than twice the natural width of the
129 keV energy level of !Ir. Never before had such a high resolution in energy
(AE/E ~ 3.5 x 10711) been achieved, and Méssbauer’s research results were fun-
damentally different from what anyone had previously obtained from y-ray reso-
nant scattering, because he observed jy-ray emission and absorption events in
which the recoil was completely absent. Not too long after the discovery of recoil-
less y-ray emission and resonant absorption, this effect was named after its dis-
coverer and is now known as the Méssbauer effect.

In reality, the Mossbauer nucleus is not rigidly bound, but is usually free to
vibrate about its equilibrium position. Photons may exchange energy with the
lattice, resulting in the creation or annihilation of quanta (phonons) of lattice
vibrations. Suppose we have an Einstein solid with one vibrational frequency o,
then the lattice can only receive or release energies in integral multiples of Aiw
(0, £hw, +2kw, ...). So if Er < hw, the lattice cannot absorb the recoil energy,
i.e., the zero phonon process, and the y-ray is emitted without recoil. The proba-
bility of having such a process is known as the recoilless fraction f, an extremely
important parameter in Méssbauer spectroscopy.



1.2 The Mossbauer Effect |7

Ey +ER
E() - ER 0, I

[

Fig. 1.6 Emission and absorption spectra of y-rays when Eg < fiw.

In a typical lattice, both Er and fiw are in the ranges 1073 to 10! eV. Obviously,
the value of f depends on how Ex compares with fiw. Only when Ep « fiw will f
be reasonably large (see Fig. 1.6). As we derive it later (see Section 1.5.4), accord-
ing to Lipkin’s sum rule, when a large number of absorption events are consid-
ered, the average energy transferred to the lattice must be exactly equal to Eg.
Let a total of m y-photons with E, be absorbed among which # of them cause
zero phonon creation and the rest (m — n) photons each excites a single phonon
(neglecting double phonons), then

mEr = (m — n)ho.

Based on the Einstein model, we arrive at an approximate expression for the
recoilless fraction

n ER

f=r=1-3 (1.9)

It can be seen from this expression that, in order to observe the Méssbauer effect,
the recoilless fraction f should be sufficiently large, and we would like to have the
following condition between Er and fiw:

Er « hw. (1.10)
A more precise expression for the recoilless fraction is

f _ e—k2<x2>

where (x%) is the mean square displacement of a nucleus along the direction of
the wave vector k of the emitted y-ray. This expression points out that in a liquid
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or a gas, the Mossbauer effect is extremely difficult to observe because of the large
{x?%) values. Also, a small k value would give a large f value, and therefore y-rays
with lower energies will favor the observation of the Méssbauer effect. At present,
the Mossbauer effect has been observed from more than 100 nuclear isotopes
(e.g., ’Fe, 19Sn, 1, etc.), among which one of the highest y-ray energies is
187 keV in °Os. For a y-ray energy higher than 100 keV, the source and the ab-
sorber are usually kept at low temperatures to reduce their (x?) values.

1.3
The Méssbauer Spectrum

1.3.1
The Measurement of a Mdssbauer Spectrum

To facilitate our discussions in the first two chapters, the basic principles of mea-
suring a Mossbauer spectrum will be given, before the experimental details in
Chapter 3.

The shape of a resonance curve is often used to characterize the properties of
the resonance system. For example, we can obtain the natural width I, of the ex-
cited energy state from the linewidth of the measured y-ray resonance curve and
estimate the life time of the energy state according to the uncertainty relation
Iy ~ . A Mossbauer spectrum is a recoil-free resonance curve. To measure
this, we no longer need those high-speed rotors, but it is still necessary to use
the Doppler effect for modulating the y-ray energy E, within a small energy
range, E,(1 &+ v/c). A velocity transducer with the mounted source moves with re-
spect to the absorber and the emitted y-ray energy is therefore modulated, as
shown in Fig. 1.7. A Mdssbauer absorption spectrum, shown on the right of Fig.
1.7, is a record of transmitted y-ray counts through the absorber as a function of
y-ray energy, whose linewidth has a minimum value of [y + I, (the sum of the
natural widths of the Mdssbauer nuclei in the source and the absorber).

vA
I 1,
_________________________ - I+ 1,
_________________________ 0 Fs
NN\—> NN\/—»{ detector >
Y Y
v source +y absorber intensit;f

Fig. 1.7 Measuring a Mdssbauer spectrum.
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For the sake of simplicity, it is customary to use the source velocity (in mm s™)
to label the energy axis. To obtain the energy value, one simply multiplies the ve-
locity by a constant E,/c, and for *’Fe, E,/c = 4.8075 x 1078 eV mm ! s.

1.3.2
The Shape and Intensity of a Spectral Line

After a Mossbauer resonant absorption, the nuclear excited state is an isomeric
state, which can only decay to the ground state through y-ray emission or internal
conversion. The cross-section of resonant absorption of y-rays (as a function of
photon energy E) is described by the Breit—Wigner formula [1, 4]:

I?/4
0a(E) = ”"—2/2 (1.11)
(E— Eo)* +T2/4
where
2142 1
oo = 2 F (1.12)

T w142 1+a

is the maximum resonance cross-section, Eo and / are the energy and wavelength
of the y-ray, I. and I, are, respectively, the nuclear spins of the excited and the
ground states, and « is the internal conversion coefficient.

Because its excited state has a certain width T, the emitted y-rays from the
source are not completely monochromatic, but follow the Lorentzian distribution
around E,

r 1
S(E)dE=—"———  dE 1.13
& 21 (E— Eo)* +T2/4 113)
where
 (E)dE = 1. (1.14)

Therefore, in a situation where both the source and the absorber are very thin, the
observed resonance absorption curve can be calculated by a convolution integral

T+ L)
T ool'y 2

oS (E) oc J P (E —x)o(x)dx s (Fs _; Fa>2

= 1.15
-0 L+ ( )

and it is clear that the line shape is also Lorentzian, similar to Eq. (1.13) except
that the linewidth becomes I's + I',. In reality, because of the finite thicknesses
of the source and absorber, the emission and absorption spectral linewidths T

9
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and T, would be larger than the natural width T, (for >’ Fe, T, ~ 0.097 mm s~ 1),
and the observed resonance line would be broader than 2T,,.

We now discuss in detail how the thickness of an absorber influences the
shape and intensity of a transmission spectrum. Let the total intensity of the
y-ray emitted by Mossbauer nuclei be Iy, of which only a part I; is recoil free and
distributed according to a Lorentzian shape:

L(E, 0,0) = fsloff(E - ; EO)

where f; and v are the recoilless fraction and the Doppler velocity of the source.
Going through the absorber, y-ray intensity is reduced because of two absorption
processes, a non-resonance atomic absorption (mainly the photoelectric effect)
with a mass absorption coefficient of z, (¢, values for different elements are tabu-
lated in Appendix H) and a Mossbauer resonance absorption with an absorption
coefficient of y,:

te(E) = na foa(E) (1.16)

where n, is the number of Méssbauer nuclei in the absorber per unit mass and f
is the recoilless fraction of the absorber. Considering both of these absorption
processes, the y-ray intensity decreases exponentially after transmitting an ab-
sorber thickness d (mg cm™2):

I.(E,v,d) = ﬁlo,fl’(E—gEo)e’(”m‘f)d. (1.17)

According to this, at a given Doppler velocity of the source, the intensity of the
recoil-free y-ray detected should be an integral over the energy:

L(v,d) = ro@ I(E,v,d)dE = flpe 4T (v) (1.18)
where

T(v) = Jm 3(15 - EEO)A(E) dE, (1.19)

A(E) = exp[—,(E)d] = exp[—o(E)ta], (1.20)

a(E) = aa(E) /oo,

t, = 1o food. (1.21)

T(v) is known as the transmission integral. As defined in Eq. (1.21), t, is called
the effective thickness of the absorber, and is temperature dependent in the
same manner as f.
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The rest of the y-rays are emitted with recoil, and they are distributed in a
rather broad energy range (Fig. 1.6) and absorbed solely due to the non-resonant
absorption process. Thus, the intensity after absorption is independent of the
Doppler velocity v and can be expressed as

1(d) = Ip(1 — fi)e "2, (1.22)

Combining Egs. (1.18) and (1.22), we obtain the total intensity recorded by the
detector (whose efficiency is assumed to be 100%) as

I(v,d) = L(v,d) + I(d) = I(00,d)[1 — fs + f;T(v)] (1.23)

where I(c0,d) = Iy exp(—u,d) is the spectral baseline corresponding to v = co.
If we neglect hyperfine interactions for the time being, the fractional intensity
of the absorbed of y-rays at a Doppler velocity v can be defined as

() = %_dl)(”d) — £l - T(0) (1.24)

which describes the shape of the absorption spectrum. According to Appendix A
or Ref. [5], the fractional intensity ¢(v) can be obtained analytically and, at reso-
nance v = v, = 0, &(v) reaches its maximum

g(vr)_ w2y (B 5 2 (1Y ta
7 =1-e 10(2) 2e ; 1) "3 (1.25)

which is explicitly expressed in terms of ¢ = I/T,. In the above equation, I, is
the modified Bessel function of the first kind of order n. If I'y = T, thus £ =1,
Eq. (1.25) becomes

e(ve) = fr [1 —e /2], (%’)} (1.26)

which is a well-known result independent of both linewidths.
Next, we discuss the contribution of the third term in ¢(v,), which will be ab-
breviated as e3:

=1\ [t
= —2e /2 L(2). 1.2
&3 € nZ:I é‘i‘l n 2 ( 7)

The value of ¢(vy)/ f; in Eq. (1.25) is plotted in Fig. 1.8 as a function of ¢, and ¢.
Regardless whether n is even or odd, I,(t,/2) is always positive. Therefore, the
sign of &3 is determined by the factor (£ —1)/(¢ +1). When ¢ <1, &5 > 0, and
when ¢ > 1, ¢35 < 0. The effect of this third term ¢3 is clearly demonstrated in

n
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Fig. 1.8 ¢(v,)/ fs as a function of t, for ¢ = 0.7,1.0, and 1.3 [5].

Fig. 1.8. The curve with £ =1 is completely consistent with those given in Ref.
[6]. In practice, cases with & > 1 are hardly observed and ¢ < 1 is in the majority.
Therefore, the influence of the third term on ¢(v,) is essentially the addition of
a positive contribution. Obviously, when t, < 1, such an influence becomes negli-
gible regardless of the value of &.

In fact, the above argument can be understood in the following straightforward
way. In the case where I's < T, (or & < 1), the absorber in some sense looks like a
“black absorber” [7] absorbing the majority of resonant y-rays. In other words,
the resonant p-rays, as a whole, have a higher probability of becoming absorbed.

Based on the above results, a transmission Mdssbauer spectrum is sketched in
Fig. 1.9 where I, represents the background counts. During the above derivation,
we assumed that the intensity was corrected by I,

As long as the “thin absorber approximation” (¢, < 1) is valid, one only need to
take the first two terms in the polynomial expansion of A(E) in Eq. (1.20). Then
the fractional absorption intensity described in Eq. (1.24) can be easily written as

Iy
I (o, d) T

resonant
""" (v, d)

non-resonant ‘

Iy
- | >
—v 0 +v

Fig. 1.9 Contributions to the Mossbauer spectrum in transmission geometry.
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This means when t, < 1, the spectral shape is still Lorentzian. At resonance, ex-
pression (1.25) becomes identical to (1.28), only if t, < 1 and I's = I',. The area of
the absorption spectrum has been accurately calculated [4]:

Alt) = fsl"an%a exp(— %) {]o (L%) +h (L%)] (1.29)

where ]y and J; are the zeroth- and first-order Bessel functions. Important param-
eters of a Mdssbauer spectrum are the height, width, area, and position of a spec-
tral line. Because of the constraint in Eq. (1.29), only two of the first three param-
eters are independent.

As the absorber thickness increases, the area A(t,), as well as &(v,), deviates
considerably from its linearity with t, and gets saturated (see Figs. 1.10 and 1.8).
Interpretation of Méssbauer spectra is often complicated by such a saturation ef-
fect due to a finite absorber thickness. A comparison between Figs. 1.10 and 1.8
shows how the area A(t,) saturates much less rapidly than &(vr). A further analy-
sis reveals that the spectral shape remains Lorentzian for up to t, ~ 10.

Notice that ¢(v) describes the shape of the spectrum and obviously depends on
both I's and I, while the area A(%,) is an integral of ¢(v) over the Doppler velocity
range (see Appendix A) and is only dependent on I,.

(1.28)

Ata)

Fig. 1.10 A(t,) as a function of t,. In plotting this curve, the
proportionality constant (f;[',x) in Eq. (1.29) is taken to be 1.
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1.4
The Classical Theory

Although the Mdssbauer effect is a quantum mechanical effect, its main features
can be also derived by the classical theory. The first comprehensive classical
description was provided by Shapiro [8]. A radioactive nucleus, as a classical oscil-
lator, does not experience a recoil effect and emits an electromagnetic wave of fre-
quency wy. The distribution in frequency is entirely determined by the Doppler
effect. Thus, the corresponding vector potential at distance x, from the source is
then

A(t) = A(0) exp(—yt) expli(wot — kxo)] (1.30)

where y is the damping coefficient, which is half of the natural width of the ex-
cited state, y = I',/2. If thermal motion of the nucleus is neglected, the distance
xop will be constant. As a result, leaving out the last phase factor in Eq. (1.30) has
no effect on the recoilless fraction. Thus the radiation intensity as a function of
frequency is

(Ia/2)*
(@0 — )" + (In/2)*

I(w) = I (1.31)

In reality, the nucleus in a solid undergoes inevitable thermal motion around
its equilibrium position. From the classical point of view, this motion modulates
the electromagnetic wave due to the Doppler effect. Let v(t) be the velocity com-
ponent of the nucleus in the direction of y-ray propagation. The phase of the wave
is modulated and becomes

$(t) = J; wo (1 + M) dt’ = wot +

27x(t)
- = (1.32)

where x(t) is the instantaneous displacement of the nucleus away from its equi-
librium position in the direction of the y-ray propagation, and may be expressed
as

x(t) = xp sin Q¢ (1.33)

where we have used Q (Q « wy) to represent the frequency of the thermal mo-
tion of all Méssbauer nuclei (as is the case with the Einstein model). Incorporat-
ing the phase modulation into Eq. (1.30), the vector potential becomes

A(t) = A(0) exp(—iwot — Tnt/2) exp(ikxg sin Q). (1.34)
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If we expand the last phase factor into a sum of Bessel functions,

+0
exp(ikxo sin Qt) = Z]n(kxo) exp(—inQt),
-0
Eq. (1.34) can be written as
+o0
A(t) = A(0) Y Julkxo) exp(—Tut/2) exp(—iwot — inQt).
Consequently, the normalized distribution of radiation intensity is

+% 2
10) =T S [l (/%)

2 . (1.35)
n=—o (w — o — }’LQ) + (rn/z)

It is clear that this radiation includes one spectral line unshifted in frequency
(wp) as well as a series of satellite lines with frequencies wy + Q, wy + 2Q,
wo + 3Q, etc. Each spectral line has a Lorentzian shape with a width of I, and
its intensity is described by the respective coefficient, i.e., the square of the Bessel
function value (Fig. 1.11). Therefore, the recoilless fraction is f = [ Jo(kxo)]”.

For a low-energy radiation, we have kxy « 1, and

2,2 2,2
lnfz21n<1—kx°) z—kﬁ
4 2

or,
f=eFaeD (1.36)

where (x?» = x9%/2 is the mean square of the displacement of the nuclear vibra-
tion. This result is identical to the quantum mechanical result to be derived next.

I A
VA I

@282 we—£2 [ @yt 02 @y t282

Fig. 1.11 Intensity distribution of y-ray emission from a classical oscillator.
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1.5
The Quantum Theory

Mossbauer [3] and later Visscher [9] derived the f fraction based on the theory of
neutron resonance scattering from nuclei bound in a solid [10]. Soon after, Lipkin
[11] simplified the derivation of the f fraction. Singwi and Sjolander [12] used a
method developed by van Hove [13] to arrive at this result. The reader may find
an abundance of relevant references.

In the 1960s, a theoretical method was developed using coherent states [14, 15]
(also known as pseudo-classical quantum states). The concept of coherent states
has attracted attention from researchers in many areas of physics, and recently
found a wide range of applications. The earliest and the most complete studies
of the coherent states were those of the harmonic oscillators [16, 17], and these
coherent states provide an extremely convenient way of describing certain partic-
ular states of vibration. Because harmonic oscillation is an important model for
describing the structure and motion of matter on the microscopic scale, the
method of coherent states is especially useful in research fields such as studying
interactions between radiation and matter. This method not only provides a direct
analogy to the classical theory, but also greatly simplifies the calculation. Recently,
Bateman et al. [18] calculated the recoilless fraction f for Moéssbauer effect using
coherent states. Here, we will use this new approach to the derivation of recoilless
fraction f.

1.5.1
Coherent States of a Harmonic Oscillator

The Hamiltonian of a one-dimensional harmonic oscillator is
1
.#:p——o—zmwzfcz. (1.37)

Instead of using the position and momentum operators % and p, we will intro-
duce an annihilation operator 4 and a creation operator a*:

i= \/%(9%4-”%);3), (1.38)

Y L] PSP
at = zh(x ma)p)' (1.39)

Solving for £ and p from the above definitions, we obtain

ho
%(CL +a)7 (140)

p= i\/mThw(ﬁt+ —a). (1.41)

R
I
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Substituting into the Hamiltonian, it becomes quite simple
U
H =holata+ E

and a*a is known as the number operator N, and its eigenstates |n) are also ei-
genstates of the Hamiltonian

H|ny = Eqln)y = ho (d*d—o—%) [ny = hw(n + %) n=0,1,2,... (1.42)

N|ny = atdln) = njn). (1.43)

This means that each eigenvalue of N is the number of energy quanta fie in the
number state |n). Any excited state |[n) can be generated by repeatedly applying
the creation operator on the ground state |0):

ny = ﬁ(d*)”m (1.44)

where all possible n values are included, and these states |n) form a complete
orthonormal set. We will introduce an important concept, the coherent state,
defined as the following linear combination of these states:

~(/2)la? o’
oy = e > n (1.45)

(n)1/2

where o may be any complex number, as is proved later. If we substitute (1.44)
into (1.45), a coherent state may also be expressed in terms of |0):

|y = D(2)[0), (1.46)

where D(x) is called the displacement operator

D(x) = exp(ad* — o). (1.47)

Among all the coherent states ever developed, harmonic oscillator coherent states
were the earliest ones and are now the most widely applied. Interestingly, the co-
herent states represent those states in which the uncertainty relation takes the
minimum value (i.e., they describe situations that best resemble classical sys-
tems). The squares of standard deviations of position x and momentum p are

B
Ax? = (oo — ofx|ad? = T (1.48)

him
Ap? = <alp?la> = (ol ply? = 2. (1.49)
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The product of the standard deviations is the smallest possible value allowed by
the uncertainty principle

h
AxAp = 7

It is because of this property of satisfying the minimum uncertainty that these
quantum states are also known as pseudo-classical coherent states.
For any coherent state, we can show that

dloy = afa), (1.50)

(oot = <u

o (1.51)

Since d is not a Hermitian operator, o is a complex eigenvalue. It is easily verified
that the |o) eigenstates are normalized, but not orthogonal. However, they con-
stitute an overcomplete set, represented by

H o> o] d2a = 1 (1.52)

where I is the unitary operator. This is a very useful operator, because any other
operator, particularly the density operator g, may be expressed in the coherent
state basis as

ﬁ:%Jp(a)\aXa\dza. (1.53)

This is the p-representation of the density operator j. For oscillators at tempera-
ture T in thermal equilibrium [19]

p(o) = % exp[—[o]?/(n)] (1.54)
where
(ny = exp[—hw/kg T] (1.55)

1 — exp[—hw/kgT]

and kg is Boltzmann’s constant. Therefore, using p(«) as a weight function, the
thermal average of any physical quantity can be evaluated in the coherent state
basis.
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1.5.2
Gamma Radiation from a Bound Nucleus

Suppose that an atom is not free but moving in the potential of a harmonic oscil-
lator. Although the motion of this atom may not be identical to that in a crystal,
this approximation can lead to the basic characteristics of the Mossbauer effect.

Let the initial state of the atom before irradiating a y-ray be the ground state |0)
of the harmonic oscillator. As can be seen in (1.42), this state is not an eigenstate
of the momentum operator p, and it is impossible to immediately write down
its final state through momentum conservation. However, the set of eigenstates
of the momentum operator constitute a complete orthonormal set k'), and we
may expand |0) in this set as follows:

0y = " [k'><K'[0). (1.56)

When an energy transition occurs within a nucleus at t=0, a y-ray with
k = E,/ch is emitted in the x-direction. The momentum of the atom must change
from hk’ to h(k' — k) in order to conserve momentum, and the final state of the
atom’s motion can be written as

1> =" Ik = ky<k'|0). (1.57)
k/

It is obvious that e~*# is a displacement operator of k, thus

e—ika&|k> _ |k/ _ k> (158)
When this is substituted into (1.57), the final state is given by
If> = e 0. (1.59)

Contrary to the case of the free atom, the final state (1.59) is not an eigenstate of
the Hamiltonian (1.37) and therefore does not have a well-defined energy. This
means that one cannot predict the energy of the y-ray in advance, but can only
provide a probability description. Let us again expand |f) in the complete set
|n) of eigenstates (1.44):

If>= Z [ny<n|f> = Z [n>{nle ™ [0) (1.60)

where we have used Eq. (1.59). The probability that the atom is found in the state
|n) with energy (n + 1/2)hw is given by the square of the expansion coefficient in
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(1.60). Thus, the probability for the atom to remain in the ground state |0) after
the y-emission is none other than the recoilless fraction f of the Mdéssbauer
effect:

f =Kol 0y, (1.61)

To evaluate f, we express the operator e ** in terms of the annihilation operator
g and the creation operator @' by using (1.40)

ho\12
—ikx = adt — a*a = —ik[ —— 1.62
ikx =o0d" —a'a o lk(ZMw) (1.62)
where M is the mass of the nucleus. According to (1.47), the operator e ** hap-

pens to be a displacement operator D, and the final state |f is a coherent state
e—ik>2|0> _ e(:xd‘foc’ﬁ,)|0> ‘a> —e (1/2)[«/? Z 1/2 ‘ > (1.63)

Applying this to (1.61) and taking account of the orthogonal property of the states
|n), we obtain

f= e’
Substituting the value for « (1.62) into this, we have
£ = /200 (1.64)
1 _ k2h?
As defined in (1.4), the recoil energy is Er = Mv =—— and we can ex-
T2M T 2M°
press f in terms of Eg:
f=e fw/he (1.65)

which is consistent with (1.9).

On the other hand, using a special property of a harmonic oscillator that its av-
erage kinetic energy is one half of the total energy (for the ground state, total en-
ergy is 1hiw),

1, L, 11
EMw {x >—2 (Zhw), or {x? >_2Ma)
and substituting into (1.64), we obtain

f=e¥eD (1.66)

which is exactly the same as (1.36).
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We know that the harmonic oscillator potential well has a parabolic shape. The
larger the w-value is, the narrower the potential well, and consequently the M6ss-
bauer nucleus is bound more tightly. Based on the above expressions for the re-
coilless fraction f, if w is increased such that hw » Eg, {x*» would be very small,
and the f-value could be appreciable.

Finally, it needs to be noted that the recoilless fraction f can also be expressed
in terms of the coherent states o). Since D*(2)D(«) = 1, we can also write for-
mula (1.61) as

f=1€0le™*D* () D()[0)]* = [<ale™*|a)|*. (1.67)

From the viewpoint of calculating the recoilless fraction f, both the number state
basis and the coherent state basis are identical; the latter, however, has an im-
mense advantage shown in the next section.

1.5.3
Méssbauer Effect in a Solid

We will now treat the actual situation in the Mdssbauer effect where the y-source
nucleus is bound in a solid. Owing to thermal motion, the Ith nucleus is dis-
placed from its equilibrium position I by a distance u(l), and therefore its instan-
taneous position is R; = I + u(l). After it emits a y-ray, the nucleus makes a tran-
sition from its initial state |i) to the final state |f). Because of this, the lattice
may have a corresponding transition from its initial phonon state |n;> to |ns).
The nuclear force causing this transition is the strong force, but its range is ex-
tremely short, well within the nucleus itself, and it would not perturb the bond-
ing and motion of the atoms in the solid. On the other hand, the bonding forces
between the atoms in the solid are relatively weak, and would have negligible ef-
fect on the transition process taking place inside the nucleus. Therefore, these
two processes can be considered independent of each other and the overall tran-
sition matrix element is the product of the matrix element of the phonon state
transition and that of the nuclear transition 18, 19]:

{ng| exp(—ik - R)|ni )< fla(k)i>.

The nuclear transition < f|a(k)|i) is solely determined by the nuclear proper-
ties, regardless of its lattice position. Here, we are only interested in the matrix
element describing a phonon state transition from [n;) to [ns) due to the emis-
sion of a y-photon and a transfer of momentum #k from the nucleus to the lat-
tice. The probability of the phonon transition is proportional to

p(ng,ni) = [<Kng| exp(—ik - Ry)|niy|*. (1.68)

After summing p(ns,n;) over all possible final states including those in the pre-
sence and the absence of recoil, we find the normalization condition:
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> [<ng| exp(—ik - Ry)[nip?
f

=" (mil exp(ik - Ri)|ng><{ns| exp(—ik - R))|mi)y = 1. (1.69)
f
The relative probability of y-emission without recoil is the recoilless fraction f
written as
f =" |<ns| exp(—ik - R))|ni)|*0(Ey — E;). (1.70)
f

At temperature T, the initial phonon states may follow a particular distribution
Pn(T), and Eq. (1.70) is then multiplied by p,, (T) and summed over all initial
states n;. For the sake of simplicity, we assume that the equilibrium position of
the radioactive nucleus to be at the origin, thus R; = u(l), and

f= ZZ P (T)[<ny| exp(—ik - u(l))|n,->|25(Ef —E)
i f

= [mif exp(—ik - u(l))[nr|* (1.71)

where {---)1 represents the thermal average.

In order to evaluate f in the coherent state basis, we start by expressing
the component of u(l) in the k-direction through the normal coordinates g
(s=1,2,3,...,3N) as

1 3N
U )=—= Bk(l> S)q57 (172)
0 \/H;
with the normalization condition

ZIBk(L 9F =1. (1.73)

Each ¢, may be represented by the operators a; and d:

(af +ay), (1.74)

where o is the sth modal angular frequency. For a crystal of 3N independent nor-
mal mode oscillators, we must use the product of 3N individual coherent states
{os}) = T1, |osy instead of the number states in (1.71), and

f = 1K {aHe ™ O s} »r|?. (1.75)
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The matrix elements may be written as follows:

Hastle ™ O}

hoO\2
= s —ik| ——— Bi(l,s)(a + S 1.
H<a|exp[ Lk(ZMwS) v(1,5) (67 + as) | s> (1.76)
Since the operators 4} and 4; do not commute, but [a],d;] = —1, we apply
Glauber’s formula
Qi _ oif i o—(1/2)[6] 4 (1.77)

to simplify (1.76). Letting k(h/ZMws)l/sz(l, s) = p,, we have

—ip (Gt +a —ipdt —ipd. — 2
e (0] +a5) — o—ipdl o —ipids o =(1/2)p5 (1.78)

Substituting this into (1.76) and using properties of coherent states ((1.50) and
(1.51)), each factor in the product of (1.76) becomes

Cotg| expl—ipy (a7 + a5)]|os> = e~ (1/2)p] g=ip(a +as)

and the matrix element is
“ikeu(l _ 1 2 )
Ha}e ™0 {a}> = exp [—Egps exp| 20, Re()|. (1.79)

The next step is to take a thermal average <--- > over the probability of a par-
ticular distribution p(o«s) as described in (1.54), and we have

Dy = J<- > p(os) a2
B 1 ) d?a \a5|2 2o R
= erp| 330 an<ns> exp| s | expl-2ip, Re(o).
Letting o; = & + in,

&y = exp HZ/JS] exp [— Zps<ns>]

+00 1 1 ’ i
<L gy 2y €]

+00 1

1

s - (7T<n5>
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3 1
= exp _Zps {ngy +§
N

E B l,S 2 hws
=exp[2“2' kéws)‘ COth(szT)} (1.80)

The two integrals in the above calculations are Gaussian integrals: <n,) is the
average phonon number at T defined in (1.55) and Eg = h*k?/(2M) corresponds
to the recoil energy of the free nucleus. Using (1.80), the recoilless fraction in
(1.75) is reduced to

2
f—exp [ER 3 |Bké2]:)‘ Coth(;";:;)] , (1.81)

This still contains a summation over different normal modes, but it may be re-
placed by a frequency integral over density of states g(w). For a cubic crystal, it is
only necessary to consider one displacement component, and the corresponding
coefficient |By(1,s)|* is equal to 1/(3N) (see Eq. (8.63)). Therefore, we have the
final result for f:

f=exp |:*ER Jgéz) coth (;Z:}) dw} (1.82)

where g(w) is normalized to unity.

For an Einstein lattice and for T — 0, Eq. (1.81) becomes (1.65). Further evalu-
ation of f in a general case requires the knowledge of g(w). A more realistic
model is the Debye model whose density of states is

32
g(w) = (0 < wp), (1.83)

3
wp

and in this case

3E T\ (P/T xdx
/ —exp{—szED tea() . ﬁ]} .

where x = hiw/kgT and Op = hwp /kg is the Debye temperature. This is an ap-
proximate formula of the recoilless fraction f that is often used in practice.

Here again we have demonstrated the equivalency of phonon number states
|n) and the coherent states |o), when they are used in calculating f. In principle,
other basis functions, if possible, may also be used, provided they satisfy the re-
quirement that the energy state of the crystal is not changed after the y-ray emis-
sion. However, one can see from Sections 1.5.2 and 1.5.3 that the derivation using
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coherent states is not only simpler (Gaussian integrals are all one needs to use),
but also more rigorous (because no approximation was made for the derivation of
(1.81)). In addition, coherent states are those quantum states that are most simi-
lar to classical situations, and their applications in the derivation of f indicates
that there is a classical correspondence in the Méssbauer effect. It is then not sur-
prising that in Section 1.4 the classical radiation theory was able to give a recoil-
less fraction f that is identical to Eq. (1.66).

1.5.4
Average Energy Transferred

In the source, a large number of excited Méssbauer nuclei (e.g., > Fe) are im-
bedded in a crystal lattice. During the y-emission, the average energy transferred
to the lattice is exactly equal to the recoil energy for a free nucleus Eg [20, 21].
This was first proved by Lipkin [11], and it is known as Lipkin’s sum rule, which
we discuss again in Chapter 7.

Suppose that the interactions between the atoms in the lattice are dependent
only on their positions, but not on their velocities. The only term in the lattice
Hamiltonian that does not commute with exp(ik - u(l)) is the kinetic energy oper-
ator p?/(2M) of the emitting nucleus. Accordingly,

[, exp(ik - u(l))] oM

52
{L ,exp(ik - u(l))}
_ W’k hk-p
Utilizing
eiik-u(l)?eiik-u(l) — ﬁ + hk,

we can calculate the double commutator
[, exp(ik - u(l))], exp(—ik - u(l))] = ——— = —2Eg. (1.86)

On the other hand, this commutator can also be written as
[, exp(ik - u(})], exp(~ik - u())]
=24 — exp(ik - u(l)) A exp(—ik - u(l))
— exp(—ik - u(l)) A exp(ik - u(l)). (1.87)

If we calculate the expectation value of this commutator when the system is at its
initial state |n;) with energy E;, we get



26

1 The Mdssbauer Effect

<mi|[[ A, exp(ik - u(1))], exp(—ik - u(l))]|n:)

=2E; — Z <ni| exp(ik - u(l))|ng ><nsp| A exp(—ik - u(l))|n;>
f
- Z <ni| exp(—ik - u(l)|ng ><np| A exp(ik - u(l))|n;>
f
= 2F =2 Eyl[<ng| exp(—ik - u(l))|m)|? (1.88)
f

where a complete set of final states |n;) was inserted. Taking into account Egs.
(1.68), (1.69), (1.86), and (1.88), we arrive at Lipkin’s sum rule

> (Ef — E)p(ns, mi) = Ex. (1.89)
f

When i = f, Egr = 0, p(ni, n;) is none other than the recoilless fraction f, i.e., the
portion of the y-ray emission process that has no energy exchange with the lattice.
The rest of the emission process will cause recoil, whose recoil energy will have to
be sufficiently large so that the average energy transferred to the lattice is Eg.

In order to obtain a relatively large f value, the Mossbauer nucleus should be
tightly bound in a localized potential well to form a localized state, and the Debye
temperature 0p should be as high as possible. One of the best examples is the
>’Fe impurities in diamond [22]. Diamond has the highest known Debye temper-
ature 0p = 2230 K, and f(295 K) = 0.94 + 0.06 [23], which is probably the high-
est recoilless fraction at room temperature ever detected thus far.
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