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1.1
Introduction

Periodically modulated dielectric structures exhibit the peculiar property that their
multibranch dispersion relations may be separated by Photonic Band Gaps
(PBGs) [1,2]. In the linear regime, optical waves with frequencies within these
PBGs cannot propagate inside the sample and decay exponentially with distance.
This gives rise to a number of novel physical phenomena that have significant
potential for applications in telecommunication and all-optical information
processing.
In the case of nonlinear periodic structures, the physics exhibits a much richer

behavior [3]. For instance, due to the optical Kerr effect, i.e., an intensity-dependent
refractive index, sufficiently intense electromagnetic pulses can locally tune the PBG.
As a consequence, the systemmay become transparent to optical waves with frequen-
cies in the (linear) band gaps. Moreover, in the presence of optical nonlinearities,
modulational instabilities of thesewavesmay occur. This leads to novel types of solitary
excitations in PBG materials, the so-called gap solitons. Gap solitons have first been
discovered by Chen and Mills [4], and are characterized by a central pulse frequency
within a photonic band gap. Most notably, gap solitons can possess very low and even
vanishing propagation velocities and, thus, lend themselves to various applications for
instance in optical buffers and delay lines as well as in information processing. It
should be noted that PBG materials allow solitary waves with carrier frequencies
outside thebandgaps, too. Suchpulses are generally referred to asBragg solitons [3]. To
date, low group velocity Bragg solitons have been observed infiber Bragg gratings [5,6].
These systems represent a very important class of (quasi) one-dimensional PBG
materials which has already foundmany applications in various areas of photonics. In
the following, we, therefore, concentrate on an analysis of fiber Bragg gratings.
However, we would like to emphasize that owing to the universal nature of nonlinear
wave propagation phenomena our results are of relevance for a number of physical
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systems ranging from two- or three-dimensional photonic crystals all the way to
Bose–Einstein condensates in optical lattices.
The appropriate theoretical model to describe nonlinear wave phenomena in one-

dimensional PBG materials is the so-called coupled mode theory [3]. In this model,
forward and backward propagating waves are described through appropriate carrier
waves that are modulated with corresponding (slowly varying) envelopes E�. The
resulting equations of motions for these envelopes are

i
qEþ
qz

þ i
qEþ
qt

þE� þ jEþj2Eþ þ 2jE�j2Eþ ¼ 0; ð1:1aÞ

�i
qE�
qz

þ i
qE�
qt

þEþ þ jE�j2E� þ 2jEþj2E� ¼ 0: ð1:1bÞ

Equations (1.1a) and (1.2b) are generally known as Nonlinear Coupled Mode
Equations (NLCME). The NLCME are given in dimensionless variables, and the
nonlinearity is assumed to be positive. For a detailed discussion of the NLCME,
including their derivation directly from Maxwell's equations, we refer to Ref. [3].
Below, wewill only give a brief synopsis of those results on theNLCME that pertain to
our work on solitary wave formation described in Sections 1.2 and 1.3.
The coupled mode theory only accounts for one band gap located between two

bands, an upper and a lower band, respectively. For systems such as fiber Bragg
gratings, the NLCME provide a very accurate framework for studying nonlinear wave
dynamics [5]. Although NLCME are nonintegrable, there are known exact solitary
wave solutions to these equations which read as [3]

E�ðz; tÞ ¼ a~E�ðz; tÞeihðqÞ: ð1:2Þ

Here, ~E� represent the one-soliton solutions of the massive Thirring model which
corresponds to the NLCMEs without self-phase modulations terms [3]. Explicitly,
these one-soliton solutions read as

~Eþ ¼
ffiffiffi
1
2

r
1
D
sin d eissec hðq� id=2Þ; ð1:3aÞ

~E� ¼ �
ffiffiffi
1
2

r
D sin d eissec hðqþ id=2Þ; ð1:3bÞ

where we have introduced the abbreviations

q ¼ gðz� vtÞ sin d; s ¼ gðvz� tÞ cos d; ð1:4Þ

as well as

D ¼ 1� v
1þ v

� �1
4
; g ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p : ð1:5Þ
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Finally, a and h(q) are given by

1
a2

¼ 1þ 1þ v2

2ð1� v2Þ ; eih ¼ � e2q þ e� id

e2qþ e� id

� � 2v
3�v2

: ð1:6Þ

These solutions (1.2) of the NLCME depend on two independent parameters, the
detuningdandthescaledgroupvelocityv.Thescaledgroupvelocitycantakeonanyvalue
below the speed of light (i.e., �1� v�þ 1) and may even vanish. The latter case
corresponds to stationary solutions which have been found by Chen and Mills [4]
throughnumerical experiments.Thedetuningdof thesolitondescribes thevalueof the
waves� central (carrier) frequency relative to the band edge and varies over a range
0� d�p. If d is close to zero, the spectrumof the solitary wave is concentrated around
the upper band edge (in the case of positive nonlinearity). The Bragg frequency
associated with the center of the band gap corresponds to a detuning d¼ p/2. At this
point,wewould like tonote that in termsof our dimensionlessunits the photonic band
gapislocatedintheinterval[�1,1].Equation(1.3)describesbothgapandBraggsolitons.
A stability analysis of these solitary wave solutions has shown that pulses with d<p/2
remain stable against small perturbations. However, for detuning d>p/2, the solitary
waves become unstable and decay to radiationmodes after a certain transient time [7].
In any realistic experimental situation, the exact soliton-shaped pulses cannot be

launcheddirectly. Instead, a formation of a solitarywavehas to take place startingwith
an initial pulse with �distorted� shape that radiates away the excess energy into low
amplitude linear modes. The influence of the PBG on this reshaping process is
expected to be drastically increased for small values of the detuning. As alluded to
above, for d! 0 the spectrum of the pulse is mostly concentrated at the band edge
where the group velocity of the eigenmodes is very small or even zero. Therefore, the
linear waves (not to be confused with the linear eigenmodes) radiated from the initial
nonlinear pulse will be strongly back-scattered by the PBGmaterial. In turn, this will
cause pronouncedmemory effects (also called non-Markovian effects; see the discus-
sion in Section 1.3) in the soliton formation process quite similar to the atom-photon
interactionprocesses inPBGmaterials [8,9].This is thestartingpointofouranalysis in
thepresentpaper.Owingto thenon-integrabilityof theNLCME,westudythisproblem
bymeansof a variational approach.Wedescribe thedetails of this variational approach
to theNLCMEandhowto includeacouplingof thenonlinear radiationmodes to linear
losses in Sections 1.2 and 1.3, respectively. In Section 1.4, we report about results and
comparison with numerically exact calculations. Finally, we summarize our findings
in Section 1.5, where we also provide a perspective on improved treatments of losses
within the NLCME.

1.2
Variational Approach to the NLCME

The variational approach to the NLCME is based on the Lagrangian density of the
system in non-dimensional form
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L ¼ i
2

E*
þ

q
qt

þ q
qz

� �
Eþ �Eþ

q
qt

þ q
qz

� �
E*
þ

�

þE*
�

q
qt

� q
qz

� �
E� �E�

q
qt

� q
qz

� �
E*
�

�

þ 1
2
jEþj4 þ 1

2
jE�j4 þ 2jEþj2jE�j2 þE*

þE� þEþE*
�:

ð1:7Þ

The action corresponding to this Lagrangian density is invariant under temporal and
spatial translations as well as under phase transformations. According to theNoether
Theorem, every symmetry transformation generates a corresponding conserved
quantity [10]. In our subsequent analysis, the mass and energy conservation laws are
of major importance. The mass conservation law readsð¥

�¥

ðjEþj2 þ jE�j2Þ dz ¼ const; ð1:8Þ

whereas the energy conservation law statesð¥
�¥

i
2

E*
þ
qEþ
qz

�Eþ
qE*

þ
qz

�E*
�
qE�
qz

þE�
qE*

�
qz

� ��

þ 1
2
jEþj4 þ 1

2
jE�j4 þ 2jEþj2jE�j2 þE*

þE� þEþE*
�

�
dz ¼ const: ð1:9Þ

According to the general scheme for variational approach [11], we have to choose the
trial functions for the forward and backward propagating modes of the NLCME that
are tailored towards the problemunder consideration. In the present case, ourAnsatz
must allow the pulse to relax to the exact gap soliton shape. For simplicity, we restrict
ourselves to the evolution of stationary gap solitons, i.e., we choose the scaled group
velocity v to be zero. Other situation can be treated analogously, albeit with consider-
ably more complex notations. In addition, the trial functions must also contain a
radiation part. Based on these considerations, we formulate the following Ansatz

Eþðz; tÞ ¼ þ hþðtÞ sec h sin dþðtÞz� i
2
dþðtÞ

� �
þ igþðtÞ

� �
e�iaþðtÞ ; ð1:10aÞ

E�ðz; tÞ ¼ � h�ðtÞ sec h sin d�ðtÞzþ i
2
d�ðtÞ

� �
þ ig�ðtÞ

� �
e�ia�ðtÞ ð1:10bÞ

together with the initial conditions

Eþðz; t ¼ 0Þ ¼ þh0 sec h sin d0 � i
2
d0

� �
; ð1:11aÞ

E�ðz; t ¼ 0Þ ¼ �h0 sec h sin d0 þ i
2
d0

� �
; ð1:11bÞ

where the initial amplitudes and detunings of the forward and backward propagat-
ing modes are chosen to be the same. The (time-dependent) variational parameters
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are the amplitudes h�, the detunings d�, the so-called shelf functions g�, and the
phases a�. The first part of the trial function describes the initial pulse and the
second part, consisting of the functions g�, describes the nonlinear radiation
modes. In our case, the shelf functions g� are of particular importance, since they
allow the localized pulse to couple to linear radiation modes. Far away from the
nonlinear pulse, the system dynamics is essentially linear so that the nonlinear
extended modes can only contribute in a spatial region of finite extent around the
pulse. As a consequence, the shelf should have a finite length l. Furthermore, in view
of the symmetry between Eþ and E� and inspired by numerically exact solutions of
the NLCME, we assume

hþ ¼ h� ¼ h; ð1:12aÞ

dþ ¼ d� ¼ d; ð1:12bÞ

gþ ¼ g� ¼ g; ð1:12cÞ

aþ ¼ a� ¼ a; ð1:12dÞ

so that there are only four independent variational parameters in our problem.
Now, we insert the trial function given, Eqs. (1.10a) and (1.10b), into the Lagrang-

ian density, Eq. 1.7, and carry out the integration over all space. As a result, we derive
the effective Lagrangian of the system

Leff ¼ 4h2 d
sin2 d

da
dt

� 2ph
1

sin d
dg
dt

� 4h2 1
sin d

ð1� d cot dÞ� 2pgh
cot d
sin d

dd
dt

þ 2pg
1

sin d
dh
dt

þ 2g2l
da
dt

þ 12h4 1

sin3 d
ð1� d cot dÞþ 4h2g2

1
sin d

þ 3g4lþ 8h2g2
d

sin2 d
� 4h2 1

sin d
� 2g2l: ð1:13Þ

Using this expression, we obtain the following equations of motion for the four
independent variational parameters h, d, g, and a

dh
dt

¼ g
p

� ld� 2h2 � ld cos2dþ 9h2ld cot2 d� 4h2 d
sin d

þ 3lh2 d
sin2 d

�
þ l sin d� g2l sin d� 2ld cos dþ g2l cos dþ 3l cos d sin d

� g2l cos d sin dþ 8h2d2
cot d
sin d

þ 4h2d cot d� 12h2l cot d
� ð1:14aÞ

dd
dt

¼ 2g
ph

2h2d� 6lh2 þ 6lh2d cot dþ 4h2 d2

sind
� ld sin dþ lg2d sin d

 

� ld cos d sin dþ 2l sin2 d� g2l sin2 d
�
; ð1:14bÞ
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dg
dt

¼ 2h
p

�2þ g2 þ d2

sin2 d
þ 6h2 1

sin2 d
� 3h2 d2

sin4 d
� d2 cot2 d

 

þ 3h2d2
cot 2 d
sin2 d

þ 2d cot d� g2d cot d� 6h2d
cot d
sin2 d

�
:

ð1:14cÞ

da
dt

¼ � 1
2 sin d

�dþ 6h2dþ d cos 2dþ 4g2 sin d� sin 2dþ g2 sin 2d
� �

:

ð1:14dÞ

In the above equations, the shelf length l is not fixed yet. In order to determine its
value, we note that the differential Eqs. (1.14a)–(1.14d) exhibit a fixed point which
corresponds to the exact stationary soliton solution of the NLCME

h ¼ sin dfpffiffiffi
3

p ; ð1:15aÞ

d ¼ dfp; ð1:15bÞ

g ¼ 0; ð1:15cÞ

a ¼ t cos dfp: ð1:15dÞ

Moreover, the value of dfp can be calculated with the help of the energy conservation
law. According to Eq. (1.9), the energy of the pulse described through Eqs. (1.10a)
and (1.10b) is

E ¼ 4h2 1
sind

ð2� d cot dÞ� 12h4 1

sin3 d
ð1� d cot dÞ

� 4h2g2
1

sind
� 8h2g2

d
sin2 d

þ 2g2l � 3g4l:
ð1:16Þ

Upon equating the energy at the fixed point efp¼ 4 sin dfp/3 with the energy of the
initial pulse, we obtain for dfp:

dfp ¼ arcsin 3h2
0

1
sin d0

ð2�d0 cot d0Þ�9h4
0

1

sin3 d0
ð1�d0 cot d0Þ

� �
: ð1:17Þ

Now, in order to obtain the oscillation frequency w of the variational parameters, we
linearize Eq. (1.14) around dfp, leading to

o¼ 2ffiffiffi
3

p
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3l�4dfp�3l cos dfp�2 sindfpÞð2dfp cos dfpþðd2fp�2Þ sin dfpÞ

q
:

ð1:18Þ

This allows us to finally deduce the length of the shelf by comparing this frequency
with the actual oscillation frequency w¼ 1� cos dfp of the soliton, which represents
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the nonlinear frequency shift of the pulse [3]. Consequently, we obtain the length l of
the shelf as

l ¼ p2

4

1�cos dfp
2dfp cos dfpþðd2fp�2Þ sindfp

þ 4dfpþ2 sindfp
3ð1� cos dfpÞ : ð1:19Þ

The above expression (1.19) for the shelf lengthdiverges at dfp� 0.66p and it becomes
even negative for larger values of the detuning. The reason of this singular behavior
originates from the instabilities of the gap solitons in the lower half of the band gap.
However, since we consider only the limit of small detunings, this unphysical
behavior is of no relevance to our case.

1.3
Radiation Losses

To include the radiation loss in our calculation, we have to couple the nonlinear
radiation modes to the linear modes of the system as discussed above. The linear
modes represent the solutions of the linearized coupled mode equations (LCME)

i
qEr

þ
qz

þ i
qEr

þ
qt

þEr
� ¼ 0; ð1:20aÞ

�i
qEr

�
qz

þ i
qEr

�
qt

þEr
þ ¼ 0: ð1:20bÞ

Here, Er
� denotes, respectively, the dispersive radiation in forward and backward

propagatingmodes in the regions to the left and the right of the shelf. Then, themass
propagating to the right of the pulse is given by

d
dt

ð¥
l=2

ðjEr
þj2 þ jEr

�j2Þdz ¼ jEr
þðz ¼ l=2; tÞj2 � jEr

�ðz ¼ l=2; tÞj2: ð1:21Þ

This equation describes the non-Markovian radiation dynamics of the solitary wave
formation process alluded to above: Radiation travels away from the pulse further to
the right (Er

þ), but may become back-reflected from the PBGmaterial so that certain
parts of it (Er

�) return to the pulse. Eventually, only the difference of the masses
contained in the modes associated with Er

þ and Er
� can actually leave the pulse. Since

the pulse is symmetric, the radiation propagating to the left exhibits the same
behavior. Therefore, in order to allow the coupling of the nonlinear radiation modes
to the linear radiation modes, we have to modify the mass conservation of our
variational approach to allow for this effect according to

d
dt

4h2 d
sin2 d

þ 2g2l

� �
¼ �2 jEr

þðz ¼ l=2; tÞj2 þ 2 jEr
�ðz ¼ l=2; tÞj2: ð1:22Þ

On the r.h.s. of Eq. (1.22), only the radiation part occurs. The l.h.s. of Eq. (1.22)
represents the mass conservation law within the variational approach which results
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from inserting the trial functions into Eq. (1.8). Alternatively, the same expression can
be derived directly from Eq. (1.14).
Due to the fact that near the upper band edge we can reduce the NLCME to the

Nonlinear Schr€odinger equation (NLSE), we may now write [3]

Er
þðz; tÞ

Er
�ðz; tÞ

� �
¼ 1ffiffiffi

2
p arðz; tÞ 1

�1

� �
� i
2
qarðz; tÞ

qz
1
1

� �� �
e�it; ð1:23Þ

where ar denotes the solution of the linearized NLSE. Upon inserting Eq. (1.23) into
the r.h.s. of Eq. (1.21) we obtain

2 jEr
þðz ¼ l=2; tÞj2�2 jEr

�ðz ¼ l=2; tÞj2 ¼ �2 Im ðar* arzÞjz¼l=2: ð1:24Þ

The corresponding calculation for the r.h.s. of Eq. (1.22) is identical to that presented
in Ref. [12], where radiation losses for the NLSE – as opposed to the present analysis
of the NLCME – have been investigated. As a result, the modifiedmass conservation
equation of the NLCME takes the form (see Ref. [12])

d
dt

4h2 d
sin2 d

þ 2g2l

� �
¼ �2r

d
dt

ðt
0

rffiffiffiffiffiffiffiffiffiffiffiffiffi
pðt�tÞp dt; ð1:25Þ

where the height r of the shelf is defined as

r2 ¼ jarðz ¼ l=2; tÞj2 ¼ jEr
þðz ¼ l=2; tÞj2 þ jEr

�ðz ¼ l=2; tÞj2: ð1:26Þ
Following the argumentation of Ref. [12], the radiation losses may be introduced to
the differential equation for the shelf g by adding to its r.h.s. the loss term –2bg

dg
dt

¼ 2h
p

�2þ g2þ d2

sin2 d
þ6h2 1

sin2 d
�3h2 d2

sin4 d
�d2 cot2d

 

þ3h2d2
cot2d
sin2 d

þ2d cot d� g2d cot d�6h2d
d

sin2 d

�
�2bg:

ð1:27Þ

What remains is to derive an expression for the height r of the shelf and the loss
coefficient b within our variational approach to the NLCME. The mass conservation
can be rewritten as (recall that in our case d� 1)

d
dt

4h2 d
sin2 d

þ2 lg2
� �

� d
dt

4
h2

d
þ2 lg2

� �
: ð1:28Þ

Then, for small derivations of the parameters from the fixed point h1 and d1, we
obtain

d
dt

4
h2

d
þ2 lg2

� �
� 8

3dfp
1þ 32

3p2

� �
d
dt

2h2
1þ2

9p2

64
g2

� �
: ð1:29Þ

Moreover, the linearized Eq. (1.21) for g and Z1 give

h1 ¼ � rffiffiffi
2

p sin f; ð1:30aÞ
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g ¼ � 8
3p

rffiffiffi
2

p cosf; ð1:30bÞ

where theanglefdetermines the (temporal) oscillatory behavior of the functions g and
Z1. Finally, by combining Eqs. (1.25),(1.29) and (1.30) we obtain the decay factor b as

b ¼ 3p
8

� �2 r

2rð0Þ l ffiffiffiffiffi
pt

p ; ð1:31Þ

with

r2 ¼ 3dfp
8

1

1þ 32
3p2

4
3
dfp�2 lg2�4h2 d

sin2 d

� �
: ð1:32Þ

This completes the calculationof the radiation losses andwehave obtained a closed set
of equations of motion, Eqs. (1.14a), (1.14b), (1.14d) and (1.27), together with
Eqs. (1.17), (1.19), (1.31), and (1.32) as well as the initial conditions, Eq. (1.11a) and
(1.11b).

1.4
Results

In order to compare the results of our variational approach with numerically exact
results, we analyze themaximum intensity Imax(t) of the pulse starting with the same
initial conditions. Owing to the symmetry of the problem, this maximum always
occurs at the origin and within the variational approach it is given as

ImaxðtÞ ¼ Iðz ¼ 0; tÞ ¼ 2
h

cos d=2ð Þ þ ig

����
����
2

: ð1:33Þ

In Figure 1.1 we compare the evolution of a pulse (initial conditions d0¼ 0.1p and
h0 ¼ 1:01 sin ð0:1pÞ= ffiffiffi

3
p

) within a numerically exact solution of the NLCME [13]
(dashed blue line) and our variational approach (solid red line).
For relatively short times, the variational equations describe the wave dynamics

rather accurately. However, for longer times the results become successively less
accurate. This is a consequence of the approximations that have reduced the
radiation losses of the NLCME model to those of the NLSE, i.e., Eq. (1.27). In other
words, for long time scales, the NLSE model becomes an inaccurate approxima-
tion to the NLCME model, since the NLSE model does not properly account for the
dispersion relation of the linear modes near the PBG. As a result, the expected
non-Markovian effects are lost in this case. This is in contrast to the situation
without losses, where the NLCME maps exactly to the NLSE for frequencies near
the PBG.
In order to restore the correct quantitative behavior for long times, a more

sophisticated treatment of losses has to be developed. Specifically, the LCME have
to be solved without using the NLSE reduction.
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1.5
Conclusions and Outlook

To summarize, we have presented the variational approach to relaxation of arbitrary
pulses to exact solitary wave solutions in one-dimensional PBGmaterials within the
NLCMEmodel. For frequencies near the band edge, we have treated losses to linear
radiationmodeswithin theNLSEmodel. This approachallows aquantitatively correct
description of the wave dynamics for not too long time scales.However, for long time
scales, the results become less and less accurate, althoughstill remainingqualitatively
correct. This is somewhat surprising since naively one would expect that near band
edges the NLCME results reduce to the NLSE results. In fact, this is the case for
problemswithoutradiationlossessuchasinthenonresonantcollisionofBraggand/or
gap solitons [14,15]. However, if the coupling to linear radiation modes is important,
for long timescales theoversimplifieddispersionrelation inherent in theNLSEmodel
fails to correctly take into account the non-Markovian radiation dynamics associated
with strong Bragg scattering in nonlinear and/or coupled systems. Therefore, future
progress has to be based on a more accurate treatment of these memory effects.
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