
Contents

1 Preliminaries.................................................................................................. 1
1.1 Hypergeometric Functions.................................................................. 3
1.2 Modified Bessel Functions.................................................................. 6
1.3 Generalised Functions and Integral Transforms................................. 8
1,4 One-Dimensional Markov Processes.................................................. 14
1.5 Brownian Motion and Diffusion on R................................................ 15
1.6 Stochastic Integrals and Ito’s Formula................................................ 20
1.7 Poisson Process, Exponential, and Hypoexponential

Distributions........................................................................................ 23

2 Symmetric Telegraph Process on the Line................................................ 31
2.1 Definition of Process and the Structure of Distribution..................... 32
2.2 Kolmogorov Equations......................................................................... 34
2.3 Telegraph Equation............................................................................... 40
2.4 Characteristic Function......................................................................... 43
2.5 Transition Density................................................................................ 45
2.6 Probability Distribution Function........................................................ 50
2.7 Convergence to Brownian Motion....................................................... 57
2.8 Laplace Transforms............................................................................... 61
Notes................................................................................................................. 64

3 Asymmetric Jump-Telegraph Processes ................................................... 65
3.1 Asymmetric Continuous Telegraph Process...................................... 66

3.1.1 Generator and Transition Densities...................................... 67
3.1.2 Moment Generating Functions............................................ 74
3.1.3 Moments.................................................................................. 77

3.2 Self-Exciting Piecewise Linear Continuous Processes...................... 84
3.2.1 Piecewise Constant Process.................................................. 85
3.2.2 Piecewise Linear Process...................................................... 86
3.2.3 First Passage Time................................................................. 97

3.3 Telegraph Processes with Alternating Deterministic Jumps.............. 102
3.3.1 Transition Densities................................................................ 103

https://d-nb.info/1261206088


xii Contents

3.3.2 Expectations and Variances, Jump-Telegraph
Martingales............................................................................. 107

3.3.3 Change of Measure for Jump-Telegraph Processes........... 112
3.4 Telegraph Processes with Alternating Random Jumps...................... 115
3.5 Short Memory Telegraph Processes with Random Jumps................ 118

3.5.1 Jump-Telegraph Processes with Parameters
Depending on the Past.......................................................... 119

3.5.2 Martingales............................................................................. 126
3.6 Piecewise Linear Process with Renewal Starting Points................... 130

3.6.1 Distributions of X(t).............................................................. 131
3.6.2 First Passage Time................................................................. 136

3.7 Double Telegraph Processes ................................................................ 143
3.7.1 Doubly Stochastic Poisson Process..................................... 144
3.7.2 Doubly Stochastic Telegraph Process with Jumps............. 147
3.7.3 Girsanov Transformation...................................................... 150

3.8 Jump-Telegraph Processes with Poisson-Modulated
Exponential Switching Times............................................................. 152
3.8.1 Building a Model ................................................................... 153
3.8.2 Poisson-Modulated Exponential Distribution..................... 156
3.8.3 Example: Poisson-Modulated Exponential

Distributions with Linearly Increasing Switching 
Intensities................................................................................ 163

3.8.4 Piecewise Linear Process with Two Alternating
Poisson Modulated Patterns and a Double Jump 
Component............................................................................. 167

3.9 Piecewise Deterministic Processes Following Two 
Alternating Patterns.................................................................. 174
3.9.1 Piecewise Linear Processes in the Linear Normed

Space...................................................................................... 176
3.9.2 Time-Homogeneous Piecewise Deterministic Process....... 179
3.9.3 Examples................................................................................. 182
3.9.4 Self-Similarity......................................................................... 186

4 Jump-Diffusion Processes with Regime Switching.................................. 189
4.1 The Basic Model: Markov Modulated Jump-Diffusion

Processes............................................................................................... 190
4.2 Generalised Jump-Telegraph-Diffusion Processes,

Distributions, and Expectations.......................................................... 195
4.2.1 The Definition of Jump-Telegraph-Diffusion Process......... 195
4.2.2 The Distribution and Mean of X(t) ...................................... 197

4.3 Girsanov’s Transformation................................................................... 202
4.3.1 Martingality Criterion............................................................. 202
4.3.2 Girsanov’s Theorem............................................................... 204
4.3.3 Relative Entropy..................................................................... 207



Contents xiii

4.4 Equivalent Martingale Measure.......................................................... 210
4.5 Esscher Transform and Minimum Entropy Martingale 

Measure.................................................................................... 214

5 Functionals of Telegraph Process.............................................................. 223
5.1 Motions with Barriers.......................................................................... 223

5.1.1 Telegraph Process with Reflecting Barrier........................... 224
5.1.2 Telegraph Process with Absorbing Barrier......................... 226

5.2 Occupation Time Distributions.......................................................... 231
5.2.1 Feynman-Kac Connection.................................................. 231
5.2.2 Statement of the Main Result................................................ 234
5.2.3 Proof of Theorems 5.6 and 5.7............................................. 237

5.3 Exponential Functional........................................................................ 243
5.4 First Passage Time for the Continuous Telegraph Process ............... 249
5.5 Telegraphic Meanders and Running Extrema.................................... 257
5.6 First Passage Times for Telegraph Processes with Alternating 

Random Jumps ........................................................................ 263
5.6.1 Negative Jumps...................................................................... 266
5.6.2 Double Exponential Jumps................................................... 272
5.6.3 Numerical Analysis............................................................... 278
5.6.4 Examples with Symmetric Parameters................................. 279

5.7 Distance Between Two Telegraph Processes..................................... 282
5.7.1 Probability Distribution Function......................................... 282
5.7.2 Numerical Example............................................................... 294

Notes................................................................................................................. 295

6 Telegraph-Type Processes in Higher Dimensions................................... 297
6.1 Definition of the Process and Structure of Distribution.................... 298
6.2 Integral Transforms of the Distribution.............................................. 300

6.2.1 Recurrent Relations................................................................ 301
6.2.2 Conditional Characteristic Functions................................... 303
6.2.3 Volterra Integral Equation for Characteristic Function....... 306
6.2.4 Limit Theorem....................................................................... 308
6.2.5 Asymptotic Relation for Transition Density........................ 309
6.2.6 Integral Equation for Transition Density............................  311
6.2.7 Hyperparabolic Operators..................................................... 313

6.3 Stochastic Motion in the Plane R2..................................................... 316
6.4 Stochastic Motion in the Space R3 ................................................... 324
6.5 Stochastic Motion in the Space R4 ................................................... 328
6.6 Stochastic Motion in the Space R6 ................................................... 335

7 Financial Modelling Based on Telegraph Processes ............................... 341
7.1 Hedging Strategies and Option Pricing.............................................. 342

7.1.1 Option Pricing, Hedging, and Martingales......................... 342
7.1.2 Black-Scholes Model and Girsanov’s Theorem................. 344

7.2 Market Model Based on Jump-Telegraph Processes........................ 347



xiv Contents

7.3 Diffusion Rescaling and Natural Volatility........................................ 349
7.4 Fundamental Equation and Perfect Hedging..................................... 356
7.5 Pricing Call Options............................................................................. 359
7.6 Historical and Implied Volatilities in the Jump-Telegraph Model... 370

7.6.1 Historical Volatility............................................................... 370
7.6.2 Implied Volatility and Numerical Results............................ 373

7.7 Pricing Exotic Options........................................................................ 378
7.8 Short Memory Telegraph Processes with Random Jumps and

the Market Model................................................................................. 381
7.9 Double Telegraph Processes and Complete Market Models............ 384

7.9.1 Martingale Measures............................................................. 384
7.9.2 The Double Telegraph Market Model.................................. 388

7.10 Self-Exciting Piecewise Linear Processes with Jumps .................... 392
7.10.1 Jumps Are Added.................................................................. 392
7.10.2 Processes of Two Alternating Self-Exciting Patterns

and with a Double Jump Component.................................. 395
7.10.3 Market Model Sketch............................................................ 400

7.11 Market model based on jump-telegraph processes with
Poisson-modulated exponential switching times............................... 401

7.12 Diffusion-Telegraph Processes and Market Models......................... 408
7.12.1 The Market Model.................................................................. 408
7.12.2 Girsanov’s Theorem, Relative Entropy................................ 411
7.12.3 The Option Pricing.................................................................. 414
7.12.4 The Two-State Markov Model and Numerical Study......... 417

References.............................................................................................................. 427

Index........................................................................................................................ 437


