Contents

I

1

Balance Laws. ... oo oo eae i 1
1.1  Formulation of the BalanceLaw . ..............covvioeren. 2
1.2  Reduction to Field Equations ............ccoovennnnneennne 2
1.3 Change of Coordinates and a Trace Theorem ................ 6
1.4  Systems of Balance Laws ..........cooviinerneienienns 11
1.5 Companion Balance Laws ...........oovrvrriireeneeeren 12
1.6 Weakand Shock Fronts ...........ovivrereaneernen 15
1.7  Survey of the Theory of BV Functions ...........coovveennnn. 16
1.8 BV Solutions of Systems of Balance Laws .................. 20
1.9  Rapid Oscillations and the Stabilizing Effect of Companion

Balance LAWS ..o oo e e e e 22
110 INOES &« v vveoeeaeeeesnaam e e e 23
Introduction to Continuum Physics .............oooovrreennns 25
21 Bodies and MOHONS .. ...oonvrnreranrennenneeneeeees 25
792  Balance Laws in Continuum Physics ...........coovveenenen 28
23  The Balance Laws of Continuum Thermomechanics .......... 31
74  Material Frame Indifference ......... ..o 35
25  ThermoelastiCity . . ... .ouvneuevaueeer oo 36
76  ThermoviscoelastiCity . ......coeveonerenrennrmeronens 43
2.7 Incompressibility . ......oooiiiiiie 46
28  RelaXatiON ... vovrrenneein e 47
D9 NOLES v s eeee e 48
Hyperbolic Systems of Balance Laws . ............cooooreeneee 51
30 HyperbOliCity . .....oooeoorvrrreenmmmn 51
3.2 Entropy-Entropy Flux Pairs . .........ooomervrmrerees 52
33  Examples of Hyperbolic Systems of Balance Laws ........... 54

34

T F T 64



XVi

VI

Vil

Contents
The Cauchy Problem . .............. ... .. i, 67
4.1  The Cauchy Problem: Classical Solutions ................... 67
4.2  Breakdown of Classical Solutions. . ........................ 70
43  The Cauchy Problem: Weak Solutions . ..................... 73
4.4  Nonuniqueness of Weak Solutions ......................... 74
4.5  Entropy Admissibility Condition .......................... 75
4.6  The Vanishing Viscosity Approach......................... 78
4.7  Initial-Boundary-Value-Problems .......................... 82
4.8  NOES ..ottt s 85
Entropy and the Stability of Classical Solutions . . ............... 87
5.1  Convex Entropy and the Existence of Classical Solutions . .. ... 88
5.2  The Role of Damping and Relaxation ...................... 92
5.3  Convex Entropy and the Stability of Classical Solutions . ...... 98
54 Involutions. ..........counnieiniiiii ittt 101
5.5  Contingent Entropies and Polyconvexity .................... 111
5.6 NOWES ...ttt e 120
The L! Theory for Scalar Conservation Laws .................. 123
6.1  The Cauchy Problem: Perseverance and Demise

of Classical Solutions . . ........... .. oo 124
6.2  Admissible Weak Solutions and their Stability Properties ... ... 126
6.3  The Method of Vanishing Viscosity ........................ 131
6.4  Solutions as Trajectories of a Contraction Semigroup ......... 136
6.5 TheLayeringMethod.................... .. ... ... 142
6.6 Relaxation ........ ...t 146
6.7 A Kinetic Formulation . ................ .. .. . 153
6.8  Fine Structure of L™ Solutions. .....................o ... 159
6.9  Initial-Boundary-Value Problems .......................... 162
6.10 The L! Theory for Systems of Conservation Laws............ 166
6.11 NOES ...ttt e s 170
Hyperbolic Systems of Balance Laws in One-Space Dimension . ... 173
7.1  Balance Laws in One-Space Dimension .................... 173
7.2  Hyperbolicity and Strict Hyperbolicity ..................... 180
7.3 RiemannInvariants................ .. .. .. ... 183
7.4  Entropy-Entropy Flux Pairs ...................... ... ..., 188
7.5  Genuine Nonlinearity and Linear Degeneracy................ 190
7.6  Simple Waves ... 192
7.7  Explosion of Weak Fronts ................................ 197
7.8  Breakdown of Classical Solutions. ......................... 198
7.9  Weak Solutions . ... e 201

THO  NOES «ov ettt et e e e e 202



Contents XVII

VIIH Admissible Shocks . .....cooiieiiiiii i 205
8.1 Strong Shocks, Weak Shocks, and Shocks of Moderate Strength 205
82 TheHugoniot Locus........coooiviviiiiiirinns 207
83  The Lax Shock Admissibility Criterion;

Compressive, Overcompressive and Undercompressive Shocks . 213
84  The Liu Shock Admissibility Criterion ..................... 218
8.5  The Entropy Shock Admissibility Criterion. ................. 220
86 Viscous Shock Profiles...... ..o 224
87 Nonconservative Shocks ...t 234
8.8  NOLES +vovtvee e tiiae e inan e 235

IX Admissible Wave Fans and the Riemann Problem . .............. 239
9.1 Self-similar Solutions and the Riemann Problem ............. 239
92  Wave Fan Admissibility Criteria ............covirienennns 242
93  Solution of the Riemann Problem via Wave Fan Curves ....... 243
9.4  Systems with Genuinely Nonlinear

or Linearly Degenerate Characteristic Families............... 246
9.5  General Strictly Hyperbolic Systems .............oocemenne 248
9.6 Failure of Existence or Uniqueness;

Delta Shocks and Transitional Waves . ..............oovvvees 253
9.7  The Entropy Rate Admissibility Criterion ................... 256
98 ViscousWave Fans . ........oovriiiiiniiiiiies 263
09 Interactionof WaveFans ...........coirieinninneenns 274
9.10 Breakdown of Weak Solutions ..............oeeceecseees 281
9.11 Self-similar Solutions for Multidimensional

ConServation Laws . . ... cvveuurernnroeanneenureaanece s 285
R I 0 T 289

X Generalized Characteristics. . . . ... ..ooconreireorarrreeees 295
10.1 BV SOIONS .. vvnvvenvrenareenseosnsmesamsssncesesns 295
10.2 Generalized Characteristics . .. ... .ovvvvvreenerre o s 296
10.3 Extremal Backward Characteristics ...........c.vovveceerens 298
T N v R 300

XI  Genuinely Nonlinear Scalar Conservation Laws ................ 301
11.1 Admissible BV Solutions and Generalized Characteristics . . . .. 302
11.2 The Spreading of Rarefaction Waves .........cooooveen-ons 305
11.3  Regularity of SOIItIONS .. ..oovovnnnreeremerrree 306
11.4 Divides, Invariants and the Lax Formula ......covvvevinnnenn 311
11.5 Decay of Solutions Induced by Entropy Dissipation .......... 3i4
11.6  Spreading of Characteristics and Development of N-Waves ... 316
117 Confinement of Characteristics

and Formation of Saw-toothed Profiles ...............ooenee 318
11.8 Comparison Theorems and LiStability ........oovvovioenn 320
11.9 Genuinely Nonlinear Scalar Balance LAWS . oeeanenreneeens 328



XVIII

XII

X

X1V

Contents
11.10 Balance Laws with Linear Excitation . . ..................... 332
11.11 An Inhomogeneous ConservationLaw...................... 335
T1.12 NOES « oottt ittt ettt aeenns 340
Genuinely Nonlinear Systems of Two Conservation Laws . . ....... 343
12.1 Notation and ASSUMPLions. . . ........oeiieiionernnaeonns 343
12.2  Entropy-Entropy Flux Pairs and the Hodograph Transformation 345
12.3 Local Structure of Solutions ............. ... ... ..ot 348
12.4 Propagation of Riemann Invariants

Along Extremal Backward Characteristics .................. 351
12.5 Boundson Solutions..............cooiiiiinnaienrinnnas 368
12.6 Spreading of Rarefaction Waves ........................... 381
12.7 Regularity of Solutions ............... ... . i 386
128 Initial Datain L'..... ... ..o 388
12.9 Initial Data with Compact Support . ...................oin. 392
12.10 Periodic SOIUtIONS . . ... ..o it 398
12,11 NOIES v vvve et ettt et et 403
The Random Cheoice Method .. .............. ... ... .......... 405
13.1 The Construction Scheme ...............cooiiiieiiianan, 405
13.2 Compactness and Consistency .................ccevnennnn. 408

13.3 Wave Interactions, Approximate Conservation Laws
and Approximate Characteristics

in Genuinely Nonlinear Systems . .......................... 414
13.4 The Glimm Functional for Genuinely Nonlinear Systems . ... .. 418
13.5 Bounds on the Total Variation

for Genuinely Nonlinear Systems . . ........................ 423
13.6 Bounds on the Supremum for Genuinely Nonlinear Systems ... 425
137 General SYyStems . ..... ..ottt 428
138 Wave Tracing ...........oiiiiiiiiiiiiininiannnennnnnnns 430
13.9 Inhomogeneous Systems of Balance Laws .................. 433
1310 NOES - .ot ettt e e e e 440

The Front Tracking Method and Standard Riemann Semigroups . . 443
14.1 Front Tracking for Scalar ConservationLaws ................ 444
14.2  Front Tracking for Genuinely Nonlinear

Systems of Conservation Laws ............................ 447
14.3 The Global Wave Pattern . ......... ... ... .. ... ... ... ... 451
14.4 Approximate Solutions............... ... ... ... 452
14.5 Bounds on the Total Variation ............................. 455
14.6 Bounds on the Combined Strength of Pseudoshocks .......... 458
14.7 Compactness and Consistency ............................ 460
14.8 Continuous Dependence onInitial Data..................... 462
14.9 The Standard Riemann Semigroup ......................... 466

14.10 Uniqueness of Solutions. .............. .. ... . ... ..., 468



Contents

14.11 Continuous Glimm Functionals,
Spreading of Rarefaction Waves,

and Structure of Solutions . .........cooeviiiiiii e
14.12 Stability of Strong Waves. . ..........ooveiniiiniiaenes
T4.13 NOES v vv oo et ettt aae e
XV  Construction of BV Solutions by the Vanishing Viscosity Method . .
151 TheMainResult .....ooiuiirriine e
15.2 Road Map to the Proof of Theorem 15.1.1..........oovvvn
153 The Effects of Diffusion. ..........ccooiiiieiiieeinaenns
15.4 Decomposition into Viscous Traveling Waves................
15.5 Transversal Wave INteractions . . ... ... .oovvveeeneioennrens
15.6 Interaction of Waves of the Same Family....................
15.7 Energy ESMates .........coovurrnemerrnre e eees
15.8 Stability Estimates .. .........oooeneneiernaneree s
159 NOES .o ovteeeeeeeae e iaaaese e e
XVI Compensated COMPACNESS . ... ........oovorrremrrrror s
16.1 The YOUNg MEASUIE .. ... ovnvnrnrnsrnrrnnsesrse s
16.2 Compensated Compactness and the div-curl Lemma ..........
16.3 Measure-Valued Solutions for Systems of Conservation Laws
and Compensated COMPACENESS . . .« vvvvnnnererrssereres
16.4 Scalar Conservation Laws .. ......c.oovvennenrreniens
16,5 A Relaxation Scheme for Scalar Conservation Laws ..........
16.6 Genuinely Nonlinear Systems of Two Conservation Laws .. ...
16.7 The System of Isentropic Elasticity ........cccoovverrooere
16.8 The System of Isentropic Gas DYDAMHCS « .+« evvvevnee e
16.9 NOES .o vsveeeensmnemenname e s e
Bibliography . ..........ovnovnoenaensnnanemsm s
AUTHOT TNAEX .« . o oo o eeee e e ia e e

SUBJECt INACX . . . .. .o oeeeeenneeen sttt

XIX

485
487
490



