Contents

1 The QR Algorithm ......... ... ... .. i, 1
1.1 The Standard Eigenvalue Problem ...................... ... 2
1.2 Perturbation Analysis......... ... il 3

1.2.1 Spectral Projectors and Separation .................. 4
1.2.2 Eigenvalues and Eigenvectors ....................... 6
1.2.3 Eigenvalue Clusters and Invariant Subspaces .......... 10
1.2.4 Global Perturbation Bounds ........................ 15
1.3 The Basic QR Algorithm ........... .. ... ... ii.. 18
1.3.1 Local Convergence. ... ..vvuueetnnnineenanenneen .. 19
1.3.2 Hessenberg Form ... ... ... ... .. ... ... 24
1.3.3 Implicit Shifted QR Iferation ....................... 27
1.3.4 Deflation .. .oovet e ittt e 30
1.3.5 The Overall Algorithm ........... e 31
1.3.6 Failure of Global Converge ................ ... ..., 34
1.4 Balancing ...........cciiiiiiiiiiiiian. e e 35
1.4.1 Isolating Eigenvalues................. .ttt 35
142 Scaling...oooiviiiii i 36
1.4.3 Merits of Balancing..... [ 39
1.5 Block Algorithms . . ... 39
1.5.1 Compact WY Representation ....................... 40
1.5.2 Block Hessenberg Reduction ................ . ... .. 41
1.5.3 Multishifts and Bulge Pairs . ........ ... ... ... ..... 44
1.5.4 Connection to Pole Placement ...................... 45
1.5.5 Tightly Coupled Tiny Bulges .................... ... 48
1.6 Advanced Deflation Techniques. ..........coiviiinn. ... 53
1.7 Computation of Invariant Subspaces .................... ... 57
1.7.1 Swapping Two Diagonal Blocks ..................... 58
1.7.2 Reordering . .....ocviivireeeeeinoneeiiiiiiinnnnn. 60
1.7.3 Block Algorithm .......... ..ot 60
1.8 Case Study: Solution of an Optimal Control Problem ........ 63



XII

Contents
The QZ Algorithm. ... ... . i 67
2.1 The Generalized Eigenvalue Problem................ooveitn 68
2.2 Perturbation Analysis........ ..ot 70
2.2.1 Spectral Projectors and Dif . ..... ...l 70
2.2.2 Local Perturbation Bounds ................ ...t 72
2.2.3 Global Perturbation Bounds ............... ... .o 75
2.3 The Basic QZ Algorithm ............ ... 76
2.3.1 Hessenberg-Triangular Form ........... ... .. ...t 76
2.3.2 Implicit Shifted QZ Iteration........... ..o 79
2.3.3 On the Use of Householder Matrices ................. 82
234 Deflation ... ooveiei i i e 36
2.3.5 'The Overall Algorithm .......... ... .. 89
24 Balancing ........creuiiiii i i 91
24.1 Tsolating Bigenvalues............ ... it 91
242 Scaling...... ... 91
2.5 Block Algorithms . ....o.oiiiiiiiiii ittt ... 93
2.5.1 Reduction to Hessenberg-Triangular Form ............ 94
2.5.2 Multishifts and Bulge Pairs ........... ... ... oot 99
2.5.3 Deflation of Infinite Eigenvalues Revisited ............ 101
2.5.4 Tightly Coupled Tiny Bulge Pairs ................... 102
2.6 Aggressive Barly Deflation .. ..........coiiieiiiiiiiineannn 105
2.7 Computation of Deflating Subspaces ....................... 108
The Krylov-Schur Algorithm ............. .. ... ... ot 113
31 BasicTools .o oviie e e 114
3.1.1 Krylov Subspaces ........coviiiiiiiiiiiiiiiiia 114
3.1.2 The Arnoldi Method .. ......... ... i, 116
3.2 Restarting and the Krylov-Schur Algorithm . ................ 119
3.2.1 Restarting an Arnoldi Decomposition ................ 120
3.2.2 The Krylov Decomposition ........ooveevriinnnrenen 121
3.2.3 Restarting a Krylov Decomposition .................. 122
3.2.4 Deflating a Krylov Decomposition ................... 124
3.3 Balancing Sparse Matrices . ........vrririieeireenne.s 126
3.3.1 Trreducible Forms ..........coiiiriiiiinininneennns 127
3.3.2 Krylov-Based Balancing ...........c.o.ovirrvennennnn 128

Structured Eigenvalue Problems
4.1 General ConceptS. .. vov it oe et e e e e 132

4.1.1 Structured Condition Number

...................... 133

4.1.2 Structured Backward Error .. .......c.oiiiinreannn.. 144
4.1.3 Algorithms and Efficiency .....................ouun. 145

4.2 Products of Matrices. . ... ....ourn et e e 146
4.2.1 Structured Decompositions ...........c..vueevirennns 147
4.2.2 Perturbation Analysis................... e 149

4.2.3 The Periodic QR Algorithm ........................ 155



Contents  XIII

4.2.4 Computation of Invariant Subspaces ................. 163
4.2.5 The Periodic Krylov-Schur Algorithm ................ 165
4.2.6 Further Notes and References ....................... 174
4.3 Skew-Hamiltonian and Hamiltonian Matrices ............... 175
4.3.1 Elementary Orthogonal Symplectic Matrices .......... 176
4.3.2 The Symplectic QR Decomposition .................. 177
4.3.3 An Orthogonal Symplectic WY-like Representation . ... 179
4.3.4 Block Symplectic QR Decomposition................. 180
4.4 Skew-Hamiltonian Matrices ..........ccoviiiiii it 181
4.4.1 Structured Decompositions ........... ..o, 181
4.4.2 Perturbation Analysis.......... ... .. it 185
443 A QR-Based Algorithm ............. ... .. ....... 189
4.4.4 Computation of Invariant Subspaces ................. 189
445 SHIRA ... ... e 190
4.4.6 Other Algorithms and Extensions ................... 191
4.5 Hamiltonian matrices .......ooviiiiiin it i 191
4.5.1 Structured Decompositions ............... ...t 192
4.5.2 Perturbation Analysis........ ..o, 193
4.5.3 An Explicit Hamiltonian QR Algonthm .............. 194
4.5.4 Reordering a Hamiltonian Schur Decomposition ....... 195
4.5.5 Algorithms Basedon H? .............coiiiiiin ... 196
4.5.6 Computation of Invariant Subspaces Based on H? ..... 199
4.5.7 Symplectic Balancing ............ ... ..ol 202
4.5.8 Numerical Experiments ............ciiviennennnian. 204
4.5.9 Other Algorithms and Extensions ................... 208
4.6 A Bouquet of Other Structures................ ..o vun.. 209
4.6.1 Symmetric Matrices ........ ... o i i, 209
4.6.2 Skew-symmetric Matrices............ ... o il 209
4.6.3 Persymmetric Matrices............ .. ... .o 210
4.6.4 Orthogonal Matrices ..o, 211
4.6.5 Palindromic Matrix Pairs............coaenien., 212
Background in Control Theory .................... ... ... 215
A1l Basic Concepts. ..ot et e 215
A1l Stability oot e 217
A.1.2 Controllability and Observability .................... 218
A.1.3 PolePlacement .........ooiuriiineeninnerennnnann. 219
A.2 Balanced Truncation Model Reduction ..................... 219
A.3 Linear-Quadratic Optimal Control ............. ... ... ... 220
A.4 Distance Problems. .......cooiiiiiivriiiiii i, 221
A.4.1 Distance to Instability ............ ...l 222

A.4.2 Distance to Uncontrollability ....................... 222



XIV  Contents

B Software............... e e e e 225
B.1 Computational Environment ........... .. ... ..o i, 225
B2 Flop Counts «...viiirir ittt ittt e et et et ieeenns 225
B.3 Software for Standard and Generalized Eigenvalue Problems .. 226
B.4 Software for Structured Eigenvalue Problems................ 228

B.4.1 Product Eigenvalue Problems ....................... 228

B.4.2 Hamiltonian and Skew-Hamiltonian Eigenvalue
Problems............. e 228
B.4.3 Other Structures ............iiiiiiieininaanan.. 230
References. ... ... ..o e e 233
Index .. oo e e 253



