
Elastoplasticity Theory 

Koichi Hashiguchi 

4ü Sprin ger 



Contents 

1 Tensor Analysis 1 
1.1 Conventions and Symbols 1 

1.1.1 Summation Convention 1 
1.1.2 Kronecker's Delta and Permutation Symbol 1 
1.1.3 Matrix and Determinant 2 

1.2 Vector 8 
1.2.1 Definition of Vector 8 
1.2.2 Operations for Vectors 8 
1.2.3 Component Description of Vector 9 

1.3 Tensor 14 
1.3.1 Definition of Tensor 14 
1.3.2 Quotient Law 15 
1.3.3 Notations of Tensors 17 
1.3.4 Orthogonal Tensor 18 
1.3.5 Tensor Product and Component 19 

1.4 Operations of Second-Order Tensor 20 
1.4.1 Trace 20 
1.4.2 Various Tensors 21 

1.5 Eigenvalues and Eigenvectors 26 
1.6 Calculations of Eigenvalues and Eigenvectors 31 

1.6.1 Eigenvalues 31 
1.6.2 Eigenvectors 32 

1.7 Eigenvalue and Eigenvectors of Skew-Symmetric Tensor 33 
1.8 Cayley-Hamilton's Theorem 35 
1.9 Positive Definite Tensor 35 
1.10 Polar Decomposition 36 
1.11 Isotropic Tensor-Valued Tensor Function 37 
1.12 Representation of Tensor in Principal Space 40 
1.13 Two-Dimensional State 44 
1.14 Partial Differential Calculi 47 
1.15 Time Derivatives 50 
1.16 Differentiation and Integration in Field 51 

2 Motion and Strain (Rate) 57 
2.1 Motion and Deformation 57 

2.1.1 Material, Spatial and Relative Descriptions 57 
2.1.2 Deformation Gradient and Deformation Tensors 59 



2.2 Strain Tensor 64 
2.3 Strain Rate and Spin Tensors 70 
2.4 Various Simple Deformations 81 

2.4.1 Uniaxial Loading 81 
2.4.2 Simple Shear 84 
2.4.3 Combination of Tension and Distortion 94 

2.5 Surface Element, Volume Element and Their Rates 97 

3 Conservation Laws and Stress Tensors 101 
3.1 Conservation Law of Mass 101 
3.2 Conservation Law of Momentum 101 
3.3 Conservation Law of Angular Momentum 102 
3.4 Stress Tensor 102 
3.5 Equilibrium Equation 105 
3.6 Equilibrium Equation of Moment 107 
3.7 Virtual Work Principle 108 

4 Objectivity and Corotational Rate Tensor I l l 
4.1 Objectivity 111 
4.2 Influence of Rigid-Body Rotation on Various Mechanical 

Quantities 112 
4.3 Rate of State Variable and Corotational Rate Tensor 114 
4.4 Transformation of Material-Time Derivative of Scalar Function 

to Its Corotational Derivative 119 
4.5 Various Objective Stress Rate Tensors 122 
4.6 Work Conjugacy 124 

5 Elastic Constitutive Equations 127 
5.1 Hyperelasticity 127 
5.2 Cauchy Elasticity 130 
5.3 Hypoelasticity 131 

6 Basic Formulations for Elastoplastic Constitutive Equations 135 
6.1 Multiplicative Decomposition of Deformation Gradient and 

Additive Decomposition of Strain Rate 135 
6.2 Conventional Elastoplastic Constituti ve Equations 142 
6.3 Loading Criterion 148 
6.4 Associated Flow Rule 151 

6.4.1 Positivity of Second-Order Plastic Work Rate: Prager's 
Interpretation 151 

6.4.2 Positivity of Work Done During Stress Cycle: Drucker's 
Hypothesis 151 

6.4.3 Positivity of Second-Order Plastic Relaxation Work 
Rate 152 

6.4.4 Comparison of Interpretations for Associated Flow Rule... 153 



Contents XIII 

6.5 Anisotropy 156 
6.5.1 Definition of Isotropy 156 
6.5.2 Anisotropic Plastic Constitutive Equation 157 

6.6 Incorporation of Tangential-Inelastic Strain Rate 159 
6.7 Hyperelastic-Plastic Constitutive Equation: Finite Strain 

Theory 165 

7 Unconventional Elastoplasticity Model: Subloading Surface 
Model 171 
7.1 Mechanical Requirements 171 

7.1.1 Continuity Condition 171 
7.1.2 Smoothness Condition 172 

7.2 Subloading Surface Model 174 
7.3 Salient Features of Subloading Surface Model 181 
7.4 On Bounding Surface and Bounding Surface Model 184 
7.5 Incorporation of Anisotropy 186 
7.6 Incorporation of Tangential Inelastic Strain Rate 187 

8 Cyclic Plasticity Model: Extended Subloading Surface Model 191 
8.1 Classification of Cyclic Plasticity Models 191 
8.2 Translation of Subyield Surface(s): Extension of 

Kinematic Hardening 191 
8.2.1 Multi-surface Model 191 
8.2.2 Two-Surface Model 194 
8.2.3 Infinite-Surface Model 195 
8.2.4 Nonlinear Kinematic Hardening Model 195 

8.3 Extended Subloading Surface Model 196 
8.4 Modification of Reloading Curve 205 
8.5 Incorporation of Tangential-Inelastic Strain Rate 208 

9 Viscoplastic Constitutive Equations 211 
9.1 History of Viscoplastic Constitutive Equations 211 
9.2 Mechanical Response of Ordinary Overstress Model 214 
9.3 Modification of Overstress Model: Extension to General Rate 

of Deformation 215 
9.4 Incorporation of Subloading Surface Concept: Subloading 

Overstress Model 217 

10 Constitutive Equations of Metals 221 
10.1 Isotropic and Kinematic Hardening 221 
10.2 Cyclic Stagnation of Isotropic Hardening 225 
10.3 On Calculation of the Normal-Yield Ratio 232 
10.4 Comparisons of Test Results 232 
10.5 Orthotropic Anisotropy 238 



XIV Contents 

10.6 Representation of Isotropie Mises Yield Condition 244 
10.6.1 Plane Stress State 245 
10.6.2 Plane Strain State 248 

11 Constitutive Equations of Soils 249 
11.1 Isotropic Consolidation Characteristics 249 
11.2 Yield Conditions 253 
11.3 Isotropic Hardening Function 259 
11.4 Rotational Hardening 261 
11.5 Extended Subloading Surface Model 265 
11.6 Partial Derivatives of Subloading Surface Function 267 
11.7 Calculation of Normal-Yield Ratio 271 
11.8 Simulations of Test Results 275 
11.9 Simple Subloading Surface Model 281 
11.10 Super-Yield Surface for Structured Soils in Natural 

Deposits 291 
11.11 Numerical Analysis of Footing Settlement Problem 301 

12 Corotational Rate Tensor 309 
12.1 Hypoelasticity 309 

12.1.1 JaumannRate 309 
12.1.2 Green-Naghdi Rate 311 

12.2 Kinematic Hardening Material 313 
12.2.1 Jaumann Rate 315 
12.2.2 Green-Naghdi Rate 316 

12.3 Plastic Spin 317 

13 Localization of Deformation 327 
13.1 Element Test 327 
13.2 Gradient Theory 328 
13.3 Shear-Band Embedded Model: Smeared Crack Model 331 
13.4 Necessary Condition for Shear Band Inception 333 

14 Numerical Calculation 337 
14.1 Numerical Ability of Subloading Surface Model 337 
14.2 Return-Mapping Algorithm Formulation for Subloading 

Surface Model 340 

15 Constitutive Equation for Friction 349 
15.1 History of Constitutive Equation for Friction 349 
15.2 Decomposition of Sliding Velocity 350 
15.3 Normal Sliding-Yield and Sliding-Subloading Surfaces 354 
15.4 Evolution Rules of Sliding-Hardening Function and Normal 

Sliding-Yield Ratio 355 
15.4.1 Evolution Rule of Sliding-Hardening Function 355 
15.4.2 Evolution Rule of Normal Sliding-Yield Ratio 356 



Contents XV 

15.5 Relations of Contact Traction Rate and Sliding Velocity 357 
15.6 Loading Criterion 359 
15.7 Sliding-Yield Surfaces 360 
15.8 Basic Mechanical Behavior of Subloading-Friction Model 365 

15.8.1 Relation of Tangential Contact Traction Rate and 
Sliding Velocity 366 

15.8.2 Numerical Experiments and Comparisons with Test 
Data 367 

15.9 Extension to Orthotropic Anisotropy 375 

Appendixes 387 
Appendix 1: Projection of Area 387 
Appendix 2: Proof of d(FjA/J)/dxj= 0 388 
Appendix 3: Euler's Theorem for Homogeneous Function 388 
Appendix 4: Normal Vector of Surface 389 
Appendix 5: Convexity of Two-Dimensional Curve 390 
Appendix 6: Derivation of Eq. (11.19) 391 
Appendix 7: Numerical Experiments for Deformation Behavior Near 

Yield State 392 

References 
Index 

395 
407 


