Contents

Preface v
1 Approximatioen in Orlicz Spaces 1
1.1 Introduction . . .. ... ... ... ... ... 1

1.2 A Brief Framework for Approximation in Orlicz Spaces . . . . . . . . 7

1.3 ApproximationinC(T). . . . . ... ... ... ... 9
1.3.1 Chebyshev ApproximationsinC(T). . . ... ........ 10

1.3.2 Approximation in Haar Subspaces . . . . ... ... ..... 12

1.4 Discrete L®-approximations . . . . ... ............... 20
1.4.1 -Discrete Chebyshev Approximation . . . ... ... ..... 20

1.4.2 Linear L®-approximation for Finite Young Functions . . . . . 24

1.5 Determination of the Linear L®-approximation . . ... ....... 28
1.5.1 System of Equations for the Coefficients . . . . . ... .. .. 28

152 TheMethodof Karlovitz . . . ... ... ........... 29

2 Polya Algorithms in Orlicz Spaces 34
2.1 The Classical Polya Algorithm . . . . ... ... ........... 34
2.2 Generalized Polya Algorithm . . . . . ... ... ... ... ..... 34
2.3 Polya Algorithm for the Discrete Chebyshev Approximation . . . . . 35
2.3.1 The Strict Approximation as the Limit of Polya Algorithms . 37

2.3.2  About the Choice of the Young Functions . . . .. ... ... 39

2.3.3 Numerical Execution of the Polya Algorithm . . . ... ... 40

2.4 Stability of Polya Algorithms in Orlicz Spaces . . . . . ... ... .. 41
2.5 Convergence Estimates and Robustness . . . . . ... ... ... .. 45
2.5.1 Two-Stage Optimization . . . ... ... ........... 47

2.5.2 ConvergenceEstimates . . . .. ... ............. 49

2.6 A Polya—Remez AlgorithminC(T) ... ............... 58
2.7 Semi-infinite OptimizationProblems . . . . . . ... ... ... ... 64
2.7.1 Successive Approximation of the Restriction Set . . . . . .. 64

3 Convex Sets and Convex Functions 72
3.1 Geometryof ConvexSets . . . .. ... ... 72
32 ConvexFunctions . . . . .. . .o v v v v vv i, 76
3.3 Difference Quotient and Directional Derivative . . .. ... ..... 80
3.3.1 Geometry of the Right-sided Directional Derivative . . . . . . 81

3.4 Necessary and Sufficient Optimality Conditions . . . . ... ... .. 85

Bibliografische Informationen digitalisiert durch E | |1_E
http://d-nb.info/1007280395 f\BI THE



http://d-nb.info/1007280395

xii

Contents

3.4.1 Necessary Optimality Conditions . .. ... .........

3.4.2 Sufficient Condition: Characterization Theorem of Convex
Optimization . . . . . . ... ..o
3.5 Continuity of Convex Functions . . . . . ... ... .. .......
3.6 Fréchet Differentiability . .. ... ... ... .. ... .....
3.7 Convex FunctionsinR™ . ... ............. . ......
3.8 Continuity of the Derivative . . . . ... ... ... . ...« ....
3.9 SeparationTheorems . . . . ... ... . ... ... ...
3.10 Subgradients . . . . .. . ... e
3.11 Conjugate Functions . . . . .. .. .. ... ...
3.12 TheoremofFenchel . . . ... ... ........ e e e e e e
3.13 Existence of Minimal Solutions for Convex Optimization . . . . . . .
3.14 Lagrange Multipliers . . . . .. . ... ... .. ... ...

Numerical Treatment of Non-linear Equations and Optimization

Problems

41 NewtonMethod . . . .. . ... ... ... ... ...

42 SecantMethods . . . .. ... ... ... ... . ...

43 GlobalConvergence. . . . . . . .. ... .t e
4.3.1 Damped NewtonMethod . . ... .. ... .........
4.3.2 Globalization of Secant Methods for Equations . . . . . . ..
433 Secant Method for Minimization . . . . .. .. ... ... ..

44 A Matrix-free NewtonMethod . . . . ... ... ... ... ... ...

Stability and Two-stage Optimization Problems
5.1 Lower Semi-continuous Convergence and Stability . ... ... ...
5.1.1 Lower Semi-equicontinuity and Lower Semi-continuous
Convergence . .. ..........cuuuo.. e e e
5.1.2  Lower Semi-continuous Convergence and Convergence
of Epigraphs . . . . . ... ... ... .. ... .
5.2 Stability for Monotone Convergence . . . . .. ... .........
5.3 Continuous Convergence and Stability for Convex Functions . . . . .
53.1 StabilityTheorems . . ... ..................
54 Convex OPerators . . . . . . v v v v vt v e e e e e e e
5.5 Quantitative Stability Considerationsin R™ . ... ... .......
5.6 Two-stage Optimization. . . . .. ... ... .............
5.6.1 Second Stages and Stability for Epsilon-solutions . . . . . . .
5.7 Stability for Families of Non-linear Equations
5.7.1  Stability for Monotone Operators . . . . ... ........
5.7.2  Stability for Wider Classes of Operators
5.7.3 Two-stage Solutions

......................



Contents xiii
6 Orlicz Spaces 175
6.1 YoungFunctions . .............. ... . . ... . .... 175
6.2 Modularand LuxemburgNorm . . . . ... .. ... ......... 185
6.2.1 Examplesof OrliczSpaces . . . ................ 188
6.2.2 Structure of OrliczSpaces . . . ... .. ........... 193
6.23 The Ap-condition . . . ... ... ... ... ... .... 197
6.3 PropertiesoftheModular . . . . . ... ... ... .......... 208
6.3.1 ConvergenceinModular . . ... .. ............. 208
632 LevelSetsandBalls . ... .................. 211
6.3.3 BoundednessoftheModular . . . . ... ........... 212
7 Orlicz Norm and Duality 214
7.1 TheOrliczNorm . .. ... .. ... ... .. .. ..., 214
72 Holderslnequality . . ... ........ ... .. .. ........ 215
7.3 Lower Semi-continuity and Duality of the Modular . . . .. ... .. 216
7.4  Jensen’s Integral Inequality and the Convergence in Measure . . . . . 220
7.5 EquivalenceoftheNorms. . . .. ... ... ... .. ........ 224
7.6 Duality Theorems . . . . . . . . .. ...ttt i et e 227
777 Reflexivity . . . . . . .o o e 233
7.8 Separability and Bases of OrliczSpaces . . . .. ........... 234
7.81 Separability . . . ... ... ... e 234
782 Bases . . . .. e e e 236
79 Amemiya formula and OrliczNorm . ... .............. 236
8 Differentiability and Convexity in Orlicz Spaces 241
8.1 Flat Convexity and Weak Differentiability . . .. ... ... ... .. 241
8.2 Flat Convexity and Giteaux Differentiability of Orlicz Spaces . 244
8.3 A-differentiability and B-convexity .. ................ 247
8.4 Local Uniform Convexity, Strong Solvability and Fréchet
_ Differentiability of the Conjugate . . . . . . .............. 253
841 E-Spaces . . . . ..o ittt e 262
8.5 Fréchet differentiability and Local Uniform Convexity in Orlicz
SPaCES . . . . e e e e e e e e e e 267
8.5.1 Fréchet Differentiability of Modular and Luxemburg Norm . . 267
8.5.2 Fréchet Differentiability and Local Uniform Convexity . . . . 276
8.5.3 Fréchet Differentiability of the Orlicz Norm and Local
Uniform Convexity of the Luxemburg Norm . . .. ... .. 278
854 Summary . . ... ... e 280
8.6 Uniform Convexity and Uniform Differentiability . . . . . ... ... 281
8.6.1 Uniform Convexity of the OrliczNorm . ........... 283
8.6.2 Uniform Convexity of the Luxemburg Norm . . ... .. .. 288
87 Applications . . . . .. .. i e 293



Xiv Contents
8.7.1 Regularization of TikhonovType ... ...... ... ... 294
872 Ritz’sMethod. . . . .. ... ... ... ... ..., 298
8.7.3 A Greedy Algorithm in OrliczSpace . . . . ... .. ... .. 299
9 Variational Calculus 309
9.1 Imtroduction . . .. . ... . .. ... 309
9.1.1 Equivalent Variational Problems . . . . . ... ... ... .. 311
9.1.2 Principle of Pointwise Minimization . . . . . . ... ... .. 312
9.1.3 LinearSupplement . . . ... ... .. ..... . ...... 313
9.2 Smoothnessof Solutions . . . . .. ... .... .. ... ...... 316
93 WeaklocalMinima. . ... ...................... 320
9.3.1 Carathéodory Minimale ... ................. 325
9.4 Strong Convexity and Strong Local Minima . . . . .. ... ... .. 325
94.1 StrongLocalMinima . . . ................... 330
9.5 NecessaryConditions . . . . . . ... ... ... . 333
9.5.1 The Jacobi Equation as a Necessary Condition . ... .. .. 333
9.6 C'-variational Problems . . ... ................... 335
9.7 OptimalPaths . . . .. ... ... . ... ... .. ... ... 336
9.8 Stability Considerations for Variational Problems . . . ... ... .. 337
9.8.1 Parametric Treatment of the Dido problem . ... ... ... 339
982 Didoproblem . . ... ... .. ... ... . ... ... 341
9.83 GlobalOptimalPaths . . . . . ... ... ... ........ 345
9.84 General Stability Theorems . . . ... ............ 346
9.8.5 Dido problem with Two-dimensional Quadratic Supplement . 349
9.8.6  Stability in Orlicz—Sobolev Spaces . . . . . .. ... ... .. 352

9.9 Parameter-free Approximation of Time Series Data by Monotone
Functions . . ... .. .. .. ... 354
9.9.1 Projection onto the Positive Cone in Sobolev Space . . . . . . 354
9.9.2 Regularization of Tikhonov-type . . . . . .. ... ... ... 357
993 ARobustVariant . .. ..................... 362
9.10 Optimal Control Problems . . . ... ... .............. 363

9.10.1 Minimal Time Problem as a Linear L!-approximation

Problem. . ... ... ... ... ... . .. ... ... 365
Bibliography 371
List of Symbols 379
Index 381



