Contents

1 Introduction.......oooviiiiiiiiii ittt isaeaes 1
1.1  Manifolds with Constant Sectional Curvature................. 1
1.2 The Topological Sphere Theorem ............c..cocvvvvean..... 2

1.2.1 Remarks on the Classical Proof ..............coooo. 3
1.2.2  Manifolds with Positive Isotropic Curvature ......... 4
1.2.3 A Question of Optimality ..............coiiiinna... 4
1.3  The Differentiable Sphere Theorem .................ccooial 5
1.31 The Ricci FlIow couiviniiiiiiiiiiiii i 5
1.3.2 Ricci Flow in Higher Dimensions...................... 7
1.4 Where to NeXt? ouueeeirie it it ciee it iieraeennennns 8

2 Background Material..........ccooviiiiiiiiiiiiiriiiiiiiiinnan.. 11

2.1  Smooth Manifolds .....covveveiiiiiiriiiiiii i 11
2.1.1  Tangent Space ....ovvviiiiiiiiinnnniiiiiiiiiiiiae, 12

22 Vector Bundles......ooovviiiiiiiiiiiiiiiiiiii i i 12
2.2.1 Subbundles......cooiiiiiiiiiiiiiiiiiiii i, 14

222 FrameBundles.....ocooviiiiiiiiiiiiiiiiiiiiiiiiaan., 14

A T =) 1 T:Ts ) ¢ T 15
2.3.1 Tensor Products .c.euevreeiiiieiiiiieniininiieiiinens 16

2.3.2 Tensor Contractions ........coovviviieeiernneennnnnnnns 17

2.3.3  Tensor Bundles and Tensor Fields .....ccccvvenat.. 18

234 DualBundles ..ccovvvviinieiiiiiiiiiiiiiiiiiiiiiann. 19

2.3.5 Tensor Productsof Bundles ........................... 19

2.3.6 A Test for Tensorality.......ccoviviieeeiniianennnnnn.. 19

2.4 MetriC TenSOIS cvuveverereeetntsesesensesevesasnsosenssssersan 20
2.4.1 Riemannian Metrics ......cceeviviiiriiiennninannn... 21

2.4.2 The Product Metric ...oovvrviieniririeiiiiinenninnnnns 22

2.4.3  Metric Contractions ....ovvvviiiviirierrerenerainnennn.. 22

244 MetricsonBundles........oovviiiiiiiiiiiiiiiiiinnn.... 22

2.4.5 MetriconDual Bundles..........ccocvvvnnvvenneinan.. 23

2.4.6 Metric on Tensor Product Bundles.................... 23

AR T 07031011 61110 1 - S U 23
2.5.1 Covariant Derivative of Tensor Fields................. 25

2.5.2 The Second Covariant Derivative of Tensor Fields... 27

X1

Bibliografische Informationen digitalisiert durch E A HIF
http://d-nb.info/1006508813 f\BI THE


http://d-nb.info/1006508813

xii

Contents

2.5.3 Connections on Dual and Tensor Product Bundles.. 28

2.5.4  The Levi-Civita Connection..................cc.oue... 29
2.6  Connection Laplacian ............ccooiiiiiiiiiiiiiiiiiininna.., 30
YA 111 o173 1 1] ¢ - 30
2.7.1  Curvature on Vector Bundles.......................... 30

2.7.2  Curvature on Dual and Tensor
Product Bundles...........ccoviviiiiiiiiiiiiiiinenn... 31
2.7.3 Curvature on the Tensor Bundle ...................... 31
2.7.4 Riemannian Curvature .............ccovvevviieennnnnn.. 33
2.7.5  Ricci and Scalar Curvature .............coovvvvnnnnn... 33
2.7.6  Sectional Curvature ...........ccooeiveeriirinnnnnnnnnn. 35
2.7.7 Berger’sLemma .........ooiiiviiiiiiiiiiiiiiiiiiinnnn.. 36
2.8 Pullback Bundle Structure..........ccovviiiiiiiiiiiiiiiiinn... 37
2.8.1 Restrictions .....ooooiiiiiiiiiiiiiiiii i 37
2.8.2 Pushforwards .....ccooooiiiiiiiiiiiii 38
2.8.3 Pullbacks of Tensors.........covvvvviieeeiiienennnnannns 38
2.8.4  The Pullback Connection ............coeevviviiinan... 39
2.8.5 Parallel Transport ......coovoviiiiiiiiieiieieniinninanns 40
2.8.6  Product Manifolds’ Tangent Space Decomposition .. 41
2.8.7 Connections and Metrics on Subbundles ............. 42
2.8.8  The Taylor Expansion of a Riemannian Metric...... 43
2.9 Integration and Divergence Theorems ...............coovvvenn 45
2.9.1 Remarks on the Divergence Expression............... 46
Harmonic Mappings.......ccooiiiiiiiiiiiiiiieriiaiiiiniiiiieeinnnns 49
3.1 Global Existence of Geodesics ........coevvviiivninnineaaaennnt 49
3.2 Harmonic Map Heat Flow ..........coooiiiiiiiiiiiiiiiinin., 53
321 Gradient Flowof E......ooiiiiiiiiiiiiiiniiinnnannaanns 54
3.2.2 Evolution of the Energy Density ...................... 55
3.23 Energy Density Bounds.............oovvviiiiiiii 56
3.2.4 Higher Regularity..........ccooiiiiiiiriiiiiiiiiiiinnan, 58
3.2.5 Stability Lemma of Hartman .....................o.l. 59
3.2.6 Convergence to a Harmonic Map.................oo0 61
3.2.7 Further Results .........c.coiiiiiiiiiiiiiiiiiiiiiiiiinnes 62
Evolution of the Curvature...............cooiiiiiiiiiiiieciiien.. 63
4.1 Introducing the Ricci Flow..............cooooiiiiiiiin 63
411 Exact Solutions.........ccoiiiiiiiiiiiiiiiiiinaiaiiiae, 64
4.1.2 Diffeomorphism Invariance...............ccoccoiinne 65
4.1.3 Parabolic Rescaling of the Ricci Flow ................ 66
4.2 The Laplacian of Curvature ...........ccovvviiiiiiiiiiinienene. 66
4.2.1 Quadratic Curvature Tensor..........ccccoeeiiiivenns 67

4.2.2  Calculating the Connection Laplacian AR;jxe -...... 67



Contents
4.3  Metric Variation Formulas ...............ccoviiiiiiiiiin..,
4.3.1 Interpreting the Time Derivative......................
4.3.2  Variation Formulas of the Curvature..................
4.4  Evolution of the Curvature Under the Ricci Flow ............
4.5 A Closer Look at the Curvature Tensor ...........ccvvviuen...
4.5.1 Kulkarni-Nomizu Product ...............ooooiiiiiinn
4.5.2 Weyl Curvature Tensor .........c.ocvvivieiinrnnnnnnn..
4.5.3 Sphere Theorem of Huisken—-Margerin-Nishikawa ...
5 Short-Time Existence..........covoviviviiiiiiiiiiiiiieiariaiinnn..
5.1 TheSymbol ...coviiiiiiiiiiiiiiiii e
5.1.1  Linear Differential Operators..........cccovveeviiinn..
5.1.2 Nonlinear Differential Operators ......................
5.2  The Linearisation of the Ricci Tensor..........................
5.3  Ellipticity and the Bianchi Identities...........................
5.3.1  Diffeomorphism Invariance of Curvature
and the Bianchi Identities ................ooveiiiil
54  DeTurcks TricKk .....vuneriiviriiiiii i iiiiiieeieeee e,
5.4.1  Motivation ....ccoieiiieiiiiiiriiiiiiiiiiiier e
5.4.2 Relating Ricci-DeTurck Flow to Ricci Flow..........
6 Uhlenbeck’s Trick.......coooivniiiiiii it
6.1  Abstract Bundle Approach ..............cocoiiiiiiiiniiiiin.,
6.2  Orthonormal Frame Approach............cccvvvvvvvinninnnn.
6.2.1 TheFrameBundle............c..cvviviiiiiiinna.,
6.2.2 Time-Dependent Frame Bundles
and the Ricci Flow ...,
6.3 Time-Dependent Metrics and Vector Bundles
(0277 3. B
6.3.1  Spatial Tangent Bundle
and Time-Dependent Metrics..........................
6.3.2  Alternative Derivation of the Evolution
of Curvature Equation ...............ooiiviiiiinaaa.,
7 The Weak Maximum Principle.............c.oooiiiiiiinn.
7.1 Elementary Analysis.......c.oooiviiiiiiiiiiiiiiiiiiiiiiiiin.,
7.2 Scalar Maximum Principle .........ocooiiiiiiiiiiiiiniiin.
7.2.1 Lower Bounds on the Scalar Curvature...............
7.2.2 Doubling-Time Estimates................coovieniiinen
7.3 Maximum Principle for Symmetric 2-Tensors .................
7.4 Vector Bundle Maximum Principle.................ooo.
7.4.1 Statement of Maximum Principle .....................
7.5  Applications of the Vector Bundle Maximum Principle ......

7.5.1 Maximum Principle for Symmetric
2-Tensors Revisited ..............oociiiiiiiiiiiin.,



Xiv

10

11

Contents

7.5.2  Reaction-Diffusion Equation Applications............ 126
7.5.3  Applications to the Ricci Flow Whenn =3.......... 129
Regularity and Long-Time Existence ........................... 137
8.1  Regularity: The Global Shi Estimates ......................... 137
8.2 Long-Time Existence ..........ccoooiiiiiiiiiiiiiiiiiiiiiiiin, 140
The Compactness Theorem for Riemannian Manifolds..... 145
9.1 Different Notions of Convergence.............coeevvvvivnnan... 145
9.1.1  Convergence of Continuous Functions ................ 146
9.1.2  The Space of C*°-Functions and the CP-Norm....... 146
9.1.3  Convergence of a Sequence of Sections of a Bundle.. 147
9.2  Cheeger—-Gromov Convergence........cooovvvvvereiiinninnnnn... 148
9.2.1 Expanding Sphere Example ................l 149
9.2.2 The Rosenau Metrics......oooovviniiiiiiiiiiii 150
9.3  Statement of the Compactness Theorem....................... 153
9.3.1 Statement of the Compactness Theorem for Flows .. 155
9.4  Proof of the Compactness Theorem for Flows................. 155
9.4.1 The Arzela—Ascoli Theorem .................iil 156
042 The Proof ....oooniiiiiiiii il 157
9.5 Blowing Up of Singularities .............coooiiiiiiiii. 158
The F-Functional and Gradient Flows ......................... 161
10.1 Introducing the Gradient Flow Formulation................... 161
10.2 Einstein-Hilbert Functional ................cooooi o, 163
10.3 F-Functional ........ccoiiviiiiiiiiiiiiiiiiiiiiiiiiiiin s 164
10.4 Gradient Flow of 7™ and Associated Coupled Equations.... 166
10.4.1 Coupled Systems and the Ricci Flow ................. 168
10.4.2 Monotonicity of F from the Monotonicity
oS Y 170
The W-Functional and Local Noncollapsing................... 173
11.1 Entropy W-Functional ... 173
11.2 Gradient Flow of W and Monotonicity ..................ooe 175
11.2.1 Monotonicity of W from a Pointwise Estimate....... 177
11.3 p-Functional...........ooooiiiiiiiii 177
11.4 Local Noncollapsing Theorem .......ccovvviiiiiiiiiinn, 181
11.4.1 Local Noncollapsing Implies Injectivity
Radius Bounds.........cooiiviiiiiiiiiiiinieiinieeena... 186
11.5 The Blow-Up of Singularities and Local Noncollapsing....... 187

11.6 Remarks Concerning Perel’man’s Motivation
From Physics....coovieiii i 189



Contents XV

12

13

14

15

An Algebraic Identity for Curvature Operators.............. 193
12.1 A Closer Look at Tensor Bundles ..............coooiiiiiinann, 194
12.1.1 Invariant Tensor Bundles ...t 194
12.1.2 Constructing Subsets in Invariant Subbundles ....... 197
12.1.3 Checking that the Vector Field Points
intothe Set .....oooviiiiiiiiiiiiii 198
12.2 Algebraic Curvature Operators..........c.ccevveeveivienneeienens 199
12.2.1 Interpreting the Reaction Terms ...................... 200
12.2.2 Algebraic Relationships and Generalisations ......... 204
12.3 Decomposition of Algebraic Curvature Operators ............ 208
12.3.1 Schur’sLemma .........ccccovviiiiiiiiiiiiiiiiiiin. 209
12.3.2 The @Q-Operator and the Weyl Subspace ............. 211
12.3.3 Algebraic Lemmas of B6hm and Wilking............. 212
12.4 A Family of Transformations for the Ricci flow ............... 215
The Cone Construction of B6hm and Wilking................ 223
13.1 New Invariant Sets ........ccociiiiviiiiiiiiiiiiiiiiiiiiiin. 223
13.1.1 Initial Cone Assumptions ...........ooooiviiiiiinnnnn, 224
13.2 Generalised Pinching Sets........cooviviiirieriiieriiiinnnene. 230
13.2.1 Generalised Pinching Set Existence Theorem ........ 231
Preserving Positive Isotropic Curvature ....................... 235
14.1 Positive Isotropic Curvature .........coveiiiiiiviiinrnneannne. 236
14.2 The 1/4-Pinching Condition and PIC.....................oee 238
14.2.1 The Cone Cpioy «+v evvrrrreeernneeeeemriraererneaneees 238
14.2.2 An Algebraic Characterisation of the Cone 6})102 ... 241
14.3 PIC is Preserved by the Ricei Flow .............ooooiiiiiiiilt 243
14.3.1 Inequalities from the Second Derivative Test......... 245
14.4 PCSC is Preserved by the Ricci Flow...................ooonli. 252
14.4.1 The Mok Lemma ..., 252
14.4.2 Preservation of PCSC Proof ...............oooiiiii. 253
14.4.3 Relating PCSCto PIC ..., 254
14.5 Preserving PIC Using the Complexification ................... 255
The Final Argument ...............oiiiiiiiiiiiiiiiiiiinniinn, 259
15.1 Proof of the Sphere Theorem ...........oooviiiiienniiiiiinn, 259
15.2 Refined Convergence Result ................... FRTTTTT T 260
15.2.1 A Preserved Set Between Cpic, and Cpicy -vvv-vv-n 262

15.2.2 A Pinching Set Argument ...............coeiiiiiil 265



xvi Contents

A Gateaux and Fréchet Differentiability........................... 271
A1 Properties of the Gateaux Derivative .......................... 272

B Cones, Convex Sets and Support Functions ................... 275
Bl Convex Sets ...cvivuniiiiiiiiiiiiiiiii it 275

B.2  Support Functions .........cooooiiiiiiiiiiiinnin 275

B.3 The Distance From a Convex Set .......ccooiiiiiiiiiiiiiinian 276

B.4 Tangent and Normal Cones.........c.ccooiviiiiiiiiieiinnn.. 277

B.5 Convex Sets Defined by Inequalities ..................coooiil. 277

C Canonically Identifying Tensor Spaces with Lie Algebras.. 281
C.l Lie Algebras.....coviiiiiiiiiiiii it ceie e 281

C.2 Tensor Spaces as Lie Algebras.........c.ccooiiiiiiiiiiii... 282

C.3 The Space of Second Exterior Powers as a Lie Algebra ...... 282
C.3.1 The space A>V* as a Lie Algebra .................... 284
References.......ooooiiiimiiiiiiiiiiiii i et 285



