Contents

1. Introduction 1
2. Scalar second order PDEs 5
2.1. Spherical mean value relations for the Laplace equation and

integral formulation of the Dirichlet problem . . .. ...

2.1.1. Direct spherical mean value relation . . ... ...
2.1.2. Converse mean value theorem . . . . . . .. .. .. 13

2.1.3. Integral equation equivalent to the Dirichlet problem 15

2.1.4. Poisson-Jensen formula . .. ............ 17

2.2. The diffusion and Helmholtz equations . . . ... .. .. 19
2.2.1. Diffusion equation . . ................ 20
2.2.2. Helmholtz equation . ................ 21

2.3. Generalized second order elliptic equations . . .. .. .. 23
2.4. Parabolicequations . .. .. ................ 26
2.4.1. Heatequation. . ... ... ............. 26
2.4.2. Parabolic equations with variable coefficients . . . 32
2.4.3. Expansion of the parabolic means . .. ... ... 35

3. High-order elliptic equations 39
3.1. Balayageoperator . . .. .. ... ... ... 39
3.2. The biharmonic equation . ... ... ... ........ 41
3.2.1. Direct spherical mean value relation . . ... ... 42
3.2.2. The generalized Poisson formula . ... ... ... 44
3.2.3. Rigid fixing of the boundary . ... ........ 49
3.2.4. Nonhomogeneous biharmonic equation . . . . . . . 52

Bibliografische Informationen | E
http://d-nb.info/1135935882 digitalisiert durch ! |I TFL


http://d-nb.info/1135935882

v

Contents

3.3. Fourth order equation governing the bending of a plate on

an elastic basesurface . . . ... ... ... . 000, 54
3.4. Metaharmonic equations . . . . . . . .. ... ... .. .. 59
3.4.1. Polyharmonic equation. . . ... ... ....... 59
3.42. Generalcase ... .........c.o.i... 62
Triangular systems of elliptic equations 68
4.1. A one-component diffusion system . .. .. .. ... ... 68
4.2. A two-component diffusion system . .. ... ..... .. 70
4.3. A coupled biharmonic-harmonic equation . . ... .. .. 73
Systems of elasticity theory 75
5.1. The Laméequation ... .................. 75
5.1.1. Direct spherical mean value theorem . . . . . . .. 75
5.1.2. Converse spherical mean value theorem . ... .. 81
5.2. Pseudo-vibration elastic equation . .. .. ...... .. 84
5.3. Thermo-elastic equation . .. ... ............ 92

The generalized Poisson formula for the Lamé equation 94
6.1. Planeelasticity . . .. .. ... ... ... ......... 94

6.2. Generalized spatial Poisson formula for the Lamé equation 105

6.3. An alternative derivation of the Poisson formula . . . . . 122
Spherical means for the stress and strain tensors 127
7.1. Spherical means for the displacement components through
the displacement vector . . . . ... .. ... ... .... 127
7.2. Mean value relation for the stress and strain tensors through
the displacement vector . . . .. ... ... ........ 131
7.2.1. Mean value relation for the strain components . . 131
7.2.2. Mean value relation for the stress components . . 137

7.3. Mean value relations for the stress components in terms of
the surface tractions . . . . ... .............. 138



Contents v

8. Applications to the Random Walk on Spheres method 150

8.1.
8.2.
8.3.

8.4.
8.5.

8.6.

Spherical mean as a mathematical expectation . . . . . . 150
Iterations of the spherical mean operator . . ... . ... 151
The Random Walk on Spheres algorithm . . ... .. .. 152
8.3.1. The Random Walk on Spheres process for the Dirich-
letproblem . ..................... 152
8.3.2. Inhomogeneouscase . .. .. ............ 164
Biharmonic equation . . . .. ... ... ... ... ..., 166
Random Walk on Spheres method for the Lamé equation 168

8.5.1. Naive generalization . . ... ............ 168
8.5.2. A modification of the algorithm . ... .. .... 170
8.5.3. Non-isotropic Random Walk on Spheres . . . . . . 173
8.5.4. Branching process .. ................ 175
8.5.5. Analytical continuation with respect to the spectral
parameter . . . . ... ... ... .00 ... 178
Alternative Schwarz procedure . . ... .. ........ 181

Bibliography 185



