Contents

1 General Basis and Bra-Ket Notation. . . . .................. 1
1.1 Introduction to General Basis and Tensor Types .......... 1
1.2 General Basis in Curvilinear Coordinates ............... 2

1.2.1  Orthogonal Cylindrical Coordinates . ............ 5
1.2.2  Orthogonal Spherical Coordinates. . . ............ 8
1.3 Eigenvalue Problem of a Linear Coupled Oscillator . . . .. ... 11
1.4 Notationof BraandKet . ................... ... .... 15
1.5 Propertiesof Kets. ... .......... ... ... .. ... ...... 16
1.6 Analysisof Brmand Ket ..................... ... ... 17
161 BraandKetBases ......................... 17

1.6.2 Gram-Schmidt Scheme of Basis
Orthonormalization. . . ...................... 18
1.6.3 Cauchy-Schwarz and Triangle Inequalities . . ... ... 19
1.64 Computing Ket and Bra Components . .. ......... 19
1.6.5 Inner Productof TwoKets ................... 20
1.6.6 Outer Product of Braand Ket ................. 22
1.6.7 Ket and Bra Projection Components on the Bases ... 23
1.6.8 Linear Transformationof Kets................. 24
1.6.9 Coordinate Transformations. . ................. 26
1.6.10 Hermitian Transformation . ................... 29
1.7  Applying Bra and Ket Analysis to Eigenvalue Problems. . . . . 31
References .. ........ ..ttt 34

2 Temsor Amalysis . . ... ... ... ... ... .. i 35
2.1 IntroductiontoTensors.............. ... .. 35
2.2 Definition of Tensors . ... .........cuuieneennnnn. 36
23 Tenmsor Algebra ........... ... ... ... i 38

2.3.1  General Bases in General Curvilinear Coordinates . . . 38
2.3.2  Metric Coefficients in General Curvilinear

Coordinates . . . . . i ittt e e e s 47
2.3.3  Tensors of Second Order and Higher Orders . . . . ... 50
2.3.4  Tensor and Cross Products of Two Vectors

inGeneral Bases . ......................... 54
2.3.5 Rules of Tensor Calculations . . . ................ 56

. ) ) HE

Bibliografische Informationen digitalisiert durch I L

http://d-nb.info/1050155718 IBLIOTHE
|


http://d-nb.info/1050155718

Contents

2.4 Coordinate Transformations. . . . ..................... 63
2.4.1 Transformation in the Orthonormal Coordinates. . . . . 63
2.42  Transformation of Curvilinear Coordinates in EN.... 66
243  Examples of Coordinate Transformations ......... 68
244  Transformation of Curvilinear Coordinates in RY . . . . 70
2.5 Tensor Calculus in General Curvilinear Coordinates. . . .. ... 72
2.5.1  Physical Componentof Tensors. . .............. 72
2.5.2 Derivatives of Covariant Bases ................ 74
2.5.3  Christoffel Symbols of First and Second Kind . . . ... 75
2.5.4  Prove that the Christoffel Symbols are Symmetric ... 77
2.5.5 Examples of Computing the Christoffel Symbols . ... 78
2.5.6 Coordinate Transformations
of the Christoffel Symbols. . . ................. 80
2.5.7 Derivatives of Contravariant Bases. ............. 82
2.5.8  Derivatives of Covariant Metric Coefficients. . ... .. 83
2.5.9 Covariant Derivatives of Tensors . . . ............ 84
2.5.10 Riemann-Christoffel Tensor .................. 88
25.11 Ricci'sLemma. ................c e, 92
2.5.12 Derivative of the Jacobian. . .................. 93
2513 Ricci Tensor ... ......viiun e nnnnnens 95
2.5.14 Einstein Tensor . ....... ...t iuiieenennnn 97
References .. ..o ittt i it e e e e 99
Elementary Differential Geometry. . . . .. .................. 101
3.1 Introduction. .. ........c.uuveienin i 101
3.2  Arc Length and Surface in Curvilinear Coordinates . . .. .... 101
3.3  Unit Tangent and Normal Vector to Surface . ............ 104
3.4 The First Fundamental Form . . .. .................... 106
3.5 The Second Fundamental Form . ..................... 108
3.6 Gaussian and Mean Curvatures . .............c..c0.... 111
37 RiemannCurvature. . ... ..... .. ...ttt 115
3.8 Gauss-Bonnet Theorem. . .......................... 118
3.9 Gauss Derivative Equations . . . . ..................... 120
3.10 Weingarten’s Equations. . . ......................... 121
3.11 Gauss-Codazzi Equations . ......................... 123
3,12 LieDerivatives. . . ..o oo v it in it iniie et 125
3.12.1 Vector Fields in Riemannian Manifold . . ......... 125
3122 LieBracket . ..........0 it 126
3123 LieDragging............ ... 128
3.124 LieDerivatives. . . . ... ...ttt 129
3.12.5 Torsion and Curvature in a Distorted
and Curved Manifold ....................... 134

3.12.6 Killing Vector Fields ....................... 135



Contents xi

3.13 Invariant Time Derivatives on Moving Surfaces. . .. ....... 136
3.13.1 Invariant Time Derivative of an Invariant Field . . . .. 137
3.13.2 Invariant Time Derivative of Tensors . .. ......... 140

ReferenCes . . .. ..ottt i it e et 142

4 Applications of Tensors and Differential Geometry .. ......... 143

4.1 Nabla Operator in Curvilinear Coordinates . ............. 143

4.2 Gradient, Divergence,and Curl . ..................... 144
4.2.1 Gradient of an Invariant . .. .................. 144
422 GradientofaVector. . ...................... 145
423 DivergenceofaVector...................... 145
4.2.4 Divergence of a Second-Order Tensor. . . ......... 147
425 Curl of a Covariant Vector . .................. 149

43 LaplacianOperator. .............coiuiniineinnnnan 150
4.3.1 Laplacian of an Invanriant. . ................... 151
4.3.2 Laplacian of a Contravariant Vector. . ........... 151

44  Applying Nabla Operators in Spherical Coordinates . . . .. ... 152
44.1 GradientofanInvariant ..................... 154
442 DivergenceofaVector. ..................... 155
443 CurlofaVector.......... ... ... 157

45 The Divergence Theorem .......................... 158
45.1  Gauss and Stokes Theorems. ... ............... 158
452 Green'sIdentities. . .. ......... ... ... .. 160
453  First Green’s Identity . .. .................... 160
454 Second Green’s Identity . .................... 160
45.5 Differentials of Area and Volume. . ............. 161
45.6 Calculating the Differential of Area . . ........... 161
457 Calculating the Differential of Volume . . ......... 162

4.6  Governing Equations of Computational Fluid Dynamics . . . . . 164
46.1 Continuity Equation . . ...................... 164
462 Momentum Equations. . .. ................... 166
4.6.3 Energy (Rothalpy) Equation. .. ................ 171

4.7  Basic Equations of Continuum Mechanics. .............. 173
4.7.1 Cauchy’s Law of Motion. . . . ................. 174
4.7.2  Principal Stresses of Cauchy’s Stress Tensor . . . .. .. 178
473 Cauchy’s Strain Tensor. . . . .................. 180
474  Constitutive Equations of Elasticity Laws . ........ 183

4.8 Maxwell’s Equations of Electrodynamics ............... 184

4.9 Einstein Field Equations . . ......................... 190

4.10 Schwarzschild’s Solution of the Einstein Field Equations . ... 192

4.11 Schwarzschild Black Hole. . ... ..................... 193

References .. ........ i, 196



Xn Contents

Appendix A: Relations Between Covariant

and Contravariant Bases. . . ... .................. 197
Appendix B: Physical Components of Tensors . . ................ 203
Appendix C: NablaOperators . . ............................ 207
Appendix D: Essential Tensors . ............................ 211
Appendix E: Euclidean and Riemannian Manifolds . ............. 215
Definitions of Mathematical Symbols in this Book . .............. 237



