
Contents 

Notations xv 

Introduction xix 

Part I Projector based approach 

1 Linear constant coefficient DAEs 3 
]. 1 Regular DAEs and the WeierstraB-Kronecker form 3 
1.2 Projector based decoupling of  regular DAEs 10 

1.2.1 Admissible matrix sequences and admissible projectors . . . .  10 
1.2.2 Decoupling by admissible projectors 23 
1.2.3 Complete decoupling 30 
1.2.4 Hierarchy o f  projector sequences for constant 

matrix pencils 36 
1.2.5 Compression to a generalized WeierstraB-Kronecker form . . 37 
1.2.6 Admissible projectors for matrix pairs in a generalized 

WeierstraB-Kronecker form 41 
1.3 Transformation invariance 45 
1.4 Characterizing matrix pencils by admissible projectors 47 
1.5 Properly stated leading term and solution space 50 
1.6 Notes and references 52 

2 Linear DAEs with variable coefficients 57 
2.1 Properly stated leading terms 58 
2.2 Admissible matrix function sequences 60 

2.2.1 Basics 60 
2.2.2 Admissible projector functions and characteristic va lues . . . .  65 
2.2.3 Widely orthogonal projector functions 75 

2.3 Invariants under transformations and refactorizations 79 
2.4 Decoupling regular DAEs 86 

2.4.1 Preliminary decoupling rearrangements 86 

ix 

http://d-nb.info/1017779376

http://d-nb.info/1017779376


x Contents  

2.4.2 Regularity and basic decoupling of  regular DAEs 90 
2.4.3 Fine and complete decouplings 104 

2.4.3.1 Index-1 case 104 
2.4.3.2 Index-2 case 106 
2.4.3.3 General benefits from fine decouplings 108 
2.4.3.4 Existence o f  fine and complete decouplings I l l  

2.5 Hierarchy of  admissible projector function sequences for linear 
DAEs 117 

2.6 Fine regular DAEs 118 
2.6.1 Fundamental solution matrices 119 
2.6.2 Consistent initial values and flow structure 123 
2.6.3 Stability issues 127 
2.6.4 Characterizing admissible excitations 

and perturbation index 132 
2.7 Specifications for regular standard form DAEs 137 
2.8 The T-canonical form 140 
2.9 Regularity intervals and critical points 146 
2.10 Strangeness versus tractability 160 

2.10.1 Canonical forms 160 
2.10.2 Strangeness reduction 164 
2.10.3 Projector based reduction 166 

2.11 Generalized solutions 171 
2.11.1 Measurable solutions 171 
2.11.2 Distributional solutions 173 

2.12 Notes and references 174 

3 Nonlinear DAEs 183 
3.1 Basic assumptions and notions 184 

3.1.1 Properly involved derivative 184 
3.1.2 Constraints and consistent initial values 187 
3.1.3 Linearization 195 

3.2 Admissible matrix function sequences and admissible projector 
functions 198 

3.3 Regularity regions 208 
3.4 Transformation invariance 224 
3.5 Hessenberg form DAEs of  arbitrary size 229 
3.6 DAEs in circuit simulation 239 
3.7 Local solvability 250 

3.7.1 Index-1 DAEs 251 
3.7.2 Index-2 DAEs 259 

3.7.2.1 Advanced decoupling o f  linear index-2 DAEs . . . . 2 5 9  
3.7.2.2 Nonlinear index-2 DAEs 261 
3.7.2.3 Index reduction step 268 

3.8 Advanced localization o f  regularity: including jet variables 272 
3.9 Operator settings 281 



Contents xi 

3.9.1 Linear case 283 
3.9.2 Nonlinear case 287 

3.10 A glance at the standard approach via the derivative array 
and differentiation index 290 

3.11 Using structural peculiarities to ease models 300 
3.12 Regularity regions o f  DAEs with quasi-proper leading terms 304 
3.13 Notes and references 307 

Part II Index-1 DAEs: Analysis and numerical treatment 

4 Analysis 317 
4.1 Basic assumptions and notions 317 
4.2 Structure and solvability o f  index-1 DAEs 320 
4.3 Consistent initial values 334 
4.4 Notes and references 336 

5 Numerical integration 339 
5.1 Basic idea 340 
5.2 Methods applied to ODEs and DAEs in standard form 345 

5.2.1 Backward differentiation formula 345 
5.2.2 Runge-Kutta method 346 
5.2.3 General linear method 350 

5.3 Methods applied to DAEs with a properly involved derivative 352 
5.3.1 Backward differentiation formula 352 
5.3.2 Runge-Kutta method 353 
5.3.3 General linear method 355 

5.4 When do decoupling and discretization commute? 356 
5.5 Convergence on compact intervals and error estimations 361 

5.5.1 Backward differentiation formula 361 
5.5.2 IRK(DAE) method 364 
5.5.3 General linear method 369 

5.6 Notes and references 371 

6 Stability issues 375 
6.1 Preliminaries concerning explicit ODEs 375 
6.2 Contractive DAEs and B-stable Runge-Kutta methods 378 
6.3 Dissipativity 384 
6.4 Lyapunov stability 387 
6.5 Notes and references 394 

Part III Computational aspects 

7 Computational linear algebra aspects 399 
7.1 Image and nullspace projectors 400 



xii Contents  

7.2 Matters of  a properly stated leading term 402 
7.3 The basic step of  the sequence 404 

7.3.1 Basis representation methods 406 
7.3.2 Basis representation methods—Regular case 408 
7.3.3 Projector representation method 409 

7.4 Matrix function sequences 413 
7.4.1 Stepping level by level 413 
7.4.2 Involved version for the regular case 415 
7.4.3 Computing characteristic values and index check 416 

8 Aspects of the numerical treatment of higher index DAEs 419 
8.1 Practical index calculation 419 
8.2 Consistent initialization 424 
8.3 Numerical integration 426 
8.4 Notes and references 437 

Part IV Advanced topics 

9 Quasi-regular DAEs 441 
9.1 Quasi-proper leading terms 441 
9.2 Quasi-admissible matrix function sequences and admissible 

projector functions 446 
9.3 Quasi-regularity 452 
9.4 Linearization 455 
9.5 A DAE transferable into SCF is quasi-regular 457 
9.6 Decoupling of  quasi-regular linear DAEs 462 
9.7 Difficulties arising with the use of  subnullspaces 468 
9.8 Notes and references 471 
9.9 Hierarchy o f  quasi-admissible projector function sequences 

for general nonlinear DAEs 475 

10 Nonregular DAEs 477 
10.1 The scope o f  interpretations 478 
10.2 Linear DAEs 482 

10.2.1 Tractability index 482 
10.2.2 General decoupling 486 

10.2.2.1 has full column rank 489 
10.2.2.2 Tractability index 1, G\ has a nontrivial 

nullspace 493 
10.2.2.3 Tractability index 2, G2 has a nontrivial 

nullspace 497 
10.3 Underdetermined nonlinear DAEs 499 
10.4 Notes and references 502 



Contents xiii  

11 Minimization with constraints described by DAEs 505 
11.1 Adjoint and self-adjoint DAEs 505 
11.2 Extremal conditions and the optimality DAE 510 

11.2.1 A necessary extremal condition and the optimality D A E . . . .  510 
11.2.2 A particular sufficient extremal condition 520 

11.3 Specification for controlled DAEs 522 
11.4 Linear-quadratic optimal control and Riccati feedback solution . . . .  525 

11.4.1 Sufficient and necessary extremal conditions 526 
11.4.2 Riccati feedback solution 527 

11.5 Notes and references 536 

12 Abstract differential-algebraic equations 539 
12.1 Index considerations for ADAEs 540 
12.2 ADAE examples 544 

12.2.1 Classical partial differential equations 545 
12.2.1.1 Wave equation 545 
12.2.1.2 Heat equation 546 

12.2.2 A semi-explicit system with parabolic and elliptic parts . . . .  548 
12.2.3 A coupled system of  a PDE and Fredholm 

integral equations 552 
12.2.4 A PDE and a DAE coupled by a restriction operator 554 

12.3 Linear ADAEs with monotone operators 554 
12.3.1 Basic functions and function spaces 555 
12.3.2 Galerkin approach 558 
12.3.3 Solvability 564 
12.3.4 Continuous dependence on the data 571 
12.3.5 Strong convergence of  the Galerkin method 574 

12.4 Notes and references 577 

Appendices 581 

A Linear algebra - basics 581 
A.l Projectors and subspaces 581 
A.2 Generalized inverses 589 
A.3 Parameter-dependent matrices and projectors 591 
A.4 Variable subspaces 594 

B Technical computations 599 
B.l  Proof o f  Lemma 2.12 599 
B.2 Proof o f  Lemma 2.41 605 
B.3 Admissible projectors for Nx'  + x = r 612 

C Analysis 627 
C. 1 A representation result 627 



x iv  Contents  

C.2 ODEs 629 
C.3 Basics for evolution equations 632 

References 637 

Index 647 


