
Contents

Preface — V

1 Structure theory and first basic concepts — 1
1.1 Solvable Lie groups — 1
1.1.1 Solvable and exponential solvable Lie groups — 1
1.1.2 Heisenberg Lie groups — 5
1.1.3 Threadlike Lie groups — 6
1.1.4 Maximal subgroups of solvable Lie groups — 7
1.2 Euclidean motion groups —10
1.2.1 On orthogonal matrices —10
1.2.2 Some structure results —13
1.2.3 Discrete subgroups of Euclidean motion groups —15
1.2.4 From discrete to closed subgroups — 26
1.3 Heisenberg motion groups — 33
1.3.1 On conjugacy classes — 33
1.3.2 Discrete subgroups of Heisenberg motion groups — 34
1.4 Syndetic hulls — 40
1.4.1 Existence results for completely solvable Lie groups — 40
1.4.2 Case of exponential Lie groups — 42
1.4.3 Case of reduced exponential Lie groups — 45
1.5 Proper and fixed point actions — 47
1.5.1 Discontinuous groups — 48
1.5.2 Clifford-Klein forms — 48
1.5.3 Weak and finite proper actions — 49

2 Proper actions on solvable homogeneous spaces — 52
2.1 Backgrounds — 52
2.1.1 Campbell-Baker-Hausdorff series — 52
2.1.2 Proper actions and co-exponential bases — 53
2.2 Proper actions for 3-step nilpotent Lie groups — 54
2.3 Special nilpotent Lie groups — 58
2.4 Proper actions on solvable homogeneous spaces — 61
2.4.1 Proper actions on special solv-manifolds — 61
2.4.2 Weak and finite proper actions on solv-manifolds — 62
2.5 Proper actions on maximal solv-manifolds — 67
2.5.1 Connected subgroups acting properly on maximal solv-manifolds — 67
2.5.2 From continuous to discrete actions — 69

3 Proper action for compact extensions — 75
3.1 Proper action for the compact extension K x — 75

http://d-nb.info/1351461095


X — Contents

3.1.1 Criterion for proper action — 76
3.2 Proper actions for Heisenberg motion groups — 80
3.3 The Calabi-Markus phenomenon — 83
3.3.1 Case of Euclidean motion groups — 83
3.3.2 The case of SOn(R) tx Rn — 86
3.3.3 Case of the semidirect product K tx Rn — 86
3.3.4 Case of Heisenberg motion groups — 86
3.4 Existence of compact Clifford-Klein forms — 87
3.4.1 Case of the semi-direct product K x Rn — 87
3.4.2 Case of Heisenberg motion groups — 92
3.4.3 Concluding remarks — 94

4 Proper action of affine discontinuous groups — 96
4.1 Auslander’s conjecture and main results — 96
4.2 Affine groups and first structural results — 97
4.3 Discontinuous affine abelian groups for Rn — 99
4.3.1 First properties of abelian affine groups — 99
4.3.2 Reduction to lower-dimensional subgroups —101
4.3.3 Closed and discrete r-orbits —103
4.4 Proof of the main results —108
4.4.1 Proof of Theorem 4.1.1—108
4.4.2 Proof of Theorem 4.1.2 —112
4.4.3 Proof of Theorem 4.1.4 —114
4.5 The setting of crystallographic abelian groups —116

5 Deformation and moduli spaces —119
5.1 Deformation and moduli spaces of discontinuous actions —119
5.1.1 Parameter, deformation, and moduli spaces —119
5.1.2 Case of effective actions —121
5.1.3 Deformation of (G,X)-structures —122
5.2 Algebraic characterization of the deformation space —123
5.2.1 The deformation and moduli spaces in the exponential setting —123
5.2.2 On pairs (G, H) having Lipsman’s property —128
5.3 Case of Abelian discontinuous groups —129
5.3.1 Analysis on Grassmannians —130
5.3.2 The parameter and deformation spaces for normal subgroups —134
5.3.3 Examples —139
5.4 Non-abelian discontinuous groups —140
5.4.1 Structure of a principal fiber bundle —140
5.4.2 The context where [r, T] is uniform in [G, G] —144
5.5 The deformation space for 2-step nilpotent Lie groups —147
5.5.1 Description of the deformation space ^(l, g, fj) —150



Contents — XI

5.5.2 Decomposition of Hom^Lg) —151
5.5.3 Hausdorffness of the deformation space —154
5.6 The 3-step case—157
5.6.1 Some preliminary results —157
5.6.2 On the quotient space Hom(l, g)/G —161
5.6.3 Description of the parameter and the deformation spaces —180
5.6.4 Hausdorffness of the deformation space —184
5.6.5 Illustrative examples —185

6 Local rigidity and stability —190
6.1 The local rigidity conjecture —190
6.1.1 The concept of (strong) local rigidity —191
6.1.2 The nilpotent setting —191
6.1.3 Case of 2-step nilpotent Lie groups —192
6.2 Local rigidity for exponential Lie groups —193
6.2.1 A local rigidity theorem where [L, L] = [G, 6] —194
6.3 Selberg-Weil-Kobayashi local rigidity theorem —195
6.3.1 Maximal exponential homogeneous spaces —196
6.3.2 Local rigidity for small dimensional exponential Lie groups — 201
6.3.3 Passing through the quotients — 202
6.3.4 Proof of Theorem 6.3.9 — 204
6.4 Criteria for local rigidity — 207
6.4.1 Necessary condition for local rigidity using the automorphism group

Aut(I) — 207
6.4.2 Case of graded Lie subalgebras — 208
6.4.3 Abelian discontinuous groups — 210
6.4.4 Removing the assumption on r to admit a syndetic hull — 212
6.4.5 Exponential Lie algebras of type & — 214
6.5 Local rigidity in the solvable case — 216
6.5.1 The notion of colored discrete subgroups — 217
6.5.2 The rank-one solvable case — 218
6.5.3 The setting where the action of G on G/H is effective — 222
6.5.4 The rank-two case — 224
6.6 A local rigidity theorem for finite actions — 227
6.6.1 (Strong) local rigidity for K x Rn — 229
6.6.2 A variant of the local rigidity conjecture — 232
6.7 The stability concept and its variants — 232
6.7.1 Stability concepts — 232
6.7.2 Case of 2-step nilpotent Lie groups — 234
6.7.3 Case of compact Clifford-Klein forms in the exponential setting — 239
6.7.4 Stability for Euclidean motion groups — 240
6.7.5 Geometric stability — 244



XII ----- Contents

6.7.6 Near stability — 244
6.7.7 Case of crystallographic discontinuous groups — 245
6.7.8 Further remarks — 250

7 Deforming in extensions of Heisenberg groups — 254
7.1 Deformation and moduli spaces for Heisenberg groups — 254
7.1.1 A criterion of the proper action, continued — 254
7.1.2 The deformation space for non-abelian actions — 255
7.1.3 Deformation and moduli spaces when H contains the center — 260
7.1.4 The case when H does not meet the center — 261
7.1.5 Case of compact Clifford-Klein forms — 269
7.1.6 Examples — 273
7.1.7 A smooth manifold structure on H2n+^H) — 276
7.1.8 Proof of Theorem 7.1.26 — 287
7.1.9 Stability of discontinuous groups acting on G/H — 288
7.2 The setting of Heisenberg motion groups, continued — 290
7.3 The case of diamond groups — 292
7.3.1 Compatible subalgebras of a diamond algebra — 293
7.3.2 Dilation invariant subgroups — 295
7.3.3 Strong local rigidity results — 299
7.3.4 Proofs of Theorem 7.3.11 and Corollary 7.3.12 — 302
7.4 From H2n+] to the product group H2n+} x H2n+y — 303
7.4.1 An alternative proof of Conjecture 6.1.1 for P/A — 307
7.4.2 Stability for P/A— 308
7.5 Reduced Heisenberg groups — 312
7.5.1 Backgrounds — 313
7.5.2 Discrete subgroups of H2n+^ — 314
7.5.3 A matrix-like writing of elements of Hom(T, G) — 315
7.5.4 Proper action on reduced homogeneous spaces — 323
7.5.5 The parameter space — 324
7.5.6 Stability of discrete subgroups — 325
7.6 From Hr2n+, to (Hr2n+, x Hr2n+] )/b — 326
7.6.1 Posed problems and main results — 328
7.6.2 Discontinuous groups for (H2n+^ x )/A — 328
7.6.3 The deformation parameters set Hom(T, G) — 330
7.6.4 The parameter space — 335
7.6.5 Proof of Theorem 7.6.1 — 337
7.6.6 Proof of Theorem 7.6.2 — 342

8 Discontinuous actions in the threadlike setting — 344
8.1 Deformation spaces for threadlike nilmanifolds — 344
8.1.1 Description of Hom(l,g)— 344



Contents —- XIII

8.1.2 Description of the parameter space ^(T, G, H) — 347
8.1.3 Description of the deformation space <^(r, G, H) — 351
8.1.4 Case of non-abelian discontinuous groups — 357
8.1.5 The local rigidity conjecture, revisited — 367
8.1.6 The stability in the threadlike case — 367
8.1.7 Stability of discrete subgroups, continued — 377
8.2 Reduced threadlike groups — 379
8.2.1 Proper action of closed subgroups of G — 379
8.2.2 Hom(r, G) for an abelian discrete subgroup I" — 382
8.2.3 Parameter and deformation spaces — 391
8.2.4 The local rigidity problem — 402
8.2.5 The stability problem — 403
8.3 A stability theorem for non-abelian actions — 407
8.3.1 Description of Hom(r,G) — 409
8.3.2 Explicit determination of the parameter space — 416
8.3.3 Proof of Theorem 8.3.1 — 418
8.3.4 A concluding remark — 422

Bibliography — 423

Index — 427


