Contents

Preface — VII

1 Probabilities — 1

1.1 Probability spaces — 1

1.1.1 Sample spaces — 1

1.1.2 o-fields of events* — 3

113 Probability measures — 6

1.2 Basic properties of probability measures — 10
1.3 Discrete probability measures — 15

1.4 Special discrete probability measures — 20
1.4.1 Dirac measure — 20

1.4.2 Uniform distribution on a finite set — 21
1.43 Binomial distribution — 27

1.44 Multinomial distribution — 30

1.4.5 Poisson distribution — 34

1.4.6 Hypergeometric distribution — 36

1.4.7 Geometric distribution — 41

1.4.8 Negative binomial distribution — 43

1.5 Continuous probability measures — 48
1.6 Special continuous distributions — 52
1.6.1 Uniform distribution on an interval — 52
1.6.2 Normal distribution — 55

1.6.3 Gamma distribution — 58

1.6.4 Exponential distribution — 61

1.6.5 Erlang distribution — 63

1.6.6 Chi-squared distribution — 64

1.6.7 Beta distribution — 65

1.6.8 Cauchy distribution — 68

1.7 Distribution function — 69

1.8 Multivariate continuous distributions — 81
1.8.1 Multivariate density functions — 81

1.8.2 Multivariate uniform distribution — 83

1.9 Products of probability spaces* — 90

1.9.1 Product o-fields and measures — 90

1.9.2 Product measures: discrete case — 95
1.9.3 Product measures: continuous case — 99
1.10 Problems — 103

2 Conditional probabilities and independence — 111
2.1 Conditional probabilities — 111

Bibliografische Informationen
https://d-nb.info/1316347524

——


https://d-nb.info/1316347524

XII = Contents

2.2
2.3

3.1
3.2
33
34
35
3.5.1
35.2
3.6
3.6.1
3.6.2
3.7
3.8

4.1
42
43
4341
43.2
433
44
45
451
45.2
4.6
4.7
471
4.7.2
4.8

5.1

5.1.1
5.1.2
513
5.1.4
515
5.2

Independence of events — 120
Problems — 127

Random variables and their distribution — 131

Transformation of random values — 131

Probability distribution of a random variable — 133
Special random variables — 143

Random vectors — 145

Joint and marginal distributions — 147

Marginal distributions: discrete case — 149
Marginal distributions: continuous case — 154
Independence of random variables — 157
Independence of discrete random variables — 161
Independence of continuous random variables — 165
Order statistics* — 169

Problems — 176

Operations on random variables — 180

Mappings of random variables — 180

Linear transformations — 185

Coin tossing versus uniform distribution — 189
Binary fractions — 189

Binary fractions of random numbers — 191
Random numbers generated by coin tossing — 193
Simulation of random variables — 196

Addition of random variables — 202

Sums of discrete random variables — 204

Sums of continuous random variables — 207

Sums of certain random variables — 210

Products and quotients of random variables — 222
Student’s t-distribution — 226

F-distribution — 228

Problems — 231

Expected value, variance, and covariance — 235

Expected value — 235

Expected value of discrete random variables — 235

Expected value of certain discrete random variables — 238
Expected value of continuous random variables — 242
Expected value of certain continuous random variables — 245
Properties of the expected value — 249

Variance — 257



Contents === XIII

5.2.1 Higher moments of random variables — 257
5.2.2 Variance of random variables — 261

523 Variance of certain random variables — 263
5.3 Covariance and correlation — 269

5.3.1 Covariance — 269

5.3.2 Correlation coefficient — 276

5.4 Some paradoxes and examples — 279

5.4.1 Boy or girl paradox — 279

542 Randomly chosen entries — 282

543 Secretary problem — 283

5.4.4 Two-envelope paradox — 287

5.5 Gambler’s ruin — 293

5.6 Problems — 304

6 Normally distributed random vectors — 310
6.1 Representation and density — 310

6.2 Expected value and covariance matrix — 318
6.3 Problems — 324

7 Limit theorems — 327

7.1 Laws of large numbers — 327

711 Chebyshev’s inequality —— 327

7.1.2 Infinite sequences of independent random variables* — 330
743 Borel-Cantelli lemma* — 333

714 Weak law of large numbers —~— 340

715 Strong law of large numbers — 341

7.2 Central limit theorem — 347

7.3 Problems — 367

8 Mathematical statistics — 370

8.1 Statistical models — 370

8.1.1 Nonparametric statistical models — 370
8.1.2 Parametric statistical models — 374

8.2 Statistical hypothesis testing — 376

8.2.1 Hypotheses and tests — 376

8.2.2 Power function and significance tests —— 379
83 Tests for binomial distributed populations — 386
84 Tests for normally distributed populations — 391
8.4.1 Fisher’s theorem — 392

84.2 Quantiles — 395

843 Z-tests or Gauss tests —— 400

844 t-tests — 404



XIV = Contents

8.4.5 x2-tests for the variance — 406

8.4.6 Two-sample Z-tests — 408

847 Two-sample t-tests — 410

8.4.8 F-tests — 412

85 Point estimators — 414

8.5.1 Maximum likelihood estimation — 416
8.5.2 Unbiased estimators — 423

85.3 Risk function — 427

8.6 Confidence regions and intervals — 432
8.6.1 Construction of confidence regions — 432
8.6.2 Normally distributed samples — 435
8.6.3 Binomial distributed populations — 438
8.6.4 Hypergeometric distributed populations — 444
8.7 Problems — 447

A Appendix — 451

A Notations — 451

A2 Elements of set theory — 451

A.2.1 Set operations — 451

A22 Preimages of sets — 454

A23 Problems — 455

A3 Combinatorics — 456

A3.1 Binomial coefficients — 456

A3.2 Drawing balls out of an urn — 461

A33 Multinomial coefficients — 465

A34 Problems — 467

A4 Vectors and matrices — 468

A5 Some analytic tools — 472

Bibliography — 479

Index — 481



