Contents

Part | Basic Stochastic Optimization Methods

1

Decision/Control Under Stochastic Uncertainty . .. . . . .

11 Introduction .. . . ...

12 Deterministic Substitute Problems: Basic Formulation . = . .
121 Minimum or Bounded Expected Costs . . .. . . . .. ..
122 Minimum or Bounded Maximum Costs (Worst Case) ..

Deterministic Substitute Problems in Optimal Decision

Under Stochastic Uncertainty. . ... ... .. .. .. ... .. . .. .
21 Optimum Design Problems with Random Parameters = . = . .
211 Deterministic Substitute Problems in Optimal Desgn ..

212 Deterministic Substitute Problems in Quality

Engineering .. ... ...
22 Badc Properties of Substitute Problems ... .. ... ... .

2.3 Approximations of Deterministic Substitute Problems in

Optimal Design ... ... ... .. ... ... ... ...
231 Approximation of the Loss Function . ..~ ...
232 Regresson Techniques, RSM. ... ... ... .. .. .. .
233 Taylor Expanson Methods ... ... .. .. . . . . .
24 Applications to Problems in Quality Engineering . . . . . . . ..
25 Approximation of Probabilities - Probability Inequalities . . . .
251 Bonferoni-Type Inequalities . ... ... ... ... .. .. . .
252 Tschebyscheff-Type Inequalities .. ... ... ... . . ..
253 FORM (First Order Rdliability Methods). . . ... ... ..

2.6 Congtruction of State Functions in Structural Anaysis and

Desgn .. ...
26.1 Plastic Analyss and Optimal Plastic Design . . . . . ..
262 Optima ElasticDesgn .. ..... ... ... . ... . .. ..

.3



X

Contents

Part Il Differentiation Methods

3 Differentiation Methods for Probability and Risk Functions 45
31 Introduction .. ...... ... ... 45
32 Transformation Method: Differentiation by Using an Integral

Transformation .. ... ... 48
321 Representation of the Derivatives by Surface Integrals.. 53
3.3 The Differentiation of Structural Reliabilities . . .. ... ... . . 56
34 EXtensions .. ... ... 58
34.1 More General Response (State) Functions ... .. . 58
35 Computation of Probabilities and its Derivatives by
Asymptotic Expansions of Integral of Laplace Type .. .. .. | 63
351 Computation of Structural Reliabilities and its
Sengtivities ... 63
352 Numerical Computation of Derivatives of the
Probability Functions Arising in Chance Constrained
Programming . .. ... ... .. 67
3.6 Integral Representations of the Probability Function P(X)
and its Derivatives .. .. ... ... ... 73
3.7 Orthogonal Function Series Expansions |: Expansions in
Hermite Functions, Casem=1 ... . .. . ... . . . ... ... ... ... 76
3.7.1 Integrals over the Bass Functions and the Coefficients
of the Orthogonal Series . .. .. .. .. .. .. .. .. 80
3.7.2 Estimation/Approximation of P(x) and its Derivatives . 83
3.7.3 The Integrated Square Error (ISE) of Deterministic
Approximations .. ... 89
3.8 Orthogonal Function Series Expansions II: Expansions in
Hermite Functions, Casem > 1 .. .. ... ... . . ... ... . .. ..\ 90
39 Orthogonal Function Series Expansions I11: Expansions in
Trigonometric, Legendre and Laguerre Series ... ... . | 92
391 Expansionsin Trigonometric and Legendre Series . . = 92
392 Expansonsin Laguerre Series ... . 93

Part |11 Deterministic Descent Directions

4  Deterministic Descent Directions and Efficient Points . . . . . 97
41 Convex Approximation ... .. ... 97

411 Approximative Convex Optimization Problem .. 101
42 Computation of Descent Directions in Case of Normal
Distributions . ... ... ... 103
421 Descent Directions of Convex Programs ... .. .. .. . 107
422 Solution of the Auxiliary Programs .. ... ... ... .. .. 110

4.3 Effident Solutions (Points). . ... ... ... ... 115



Contents X1
4.3.1 Necessary Optimality Conditions Without Gradients ... 117
4.3.2 Existence of Feasible Descent Directions in
Non-Efficient Solutions of (4.9ab). . ... ... ... . .. .. 119
4.4 Descent Directions in Case of Elliptically Contoured
Distributions . . ... ... . 119
45 Construction of Descent Directions by Using Quadratic
Approximations of the Loss Function . ... ... ... .. . . . . 122
Part 1V Semi-Stochastic Approximation Methods
5 RSM—Basad Stochastic Gradient Procedures .. ... . ... ... 129
51 Introduction .. ... ... 129
52 Gradient Estimation Using the Response Surface
Methodology (RSM). . ... ... ... ... .. . . ... ... ... 131
521 TheTwo Phasesof RSM. ... .. . . .. .. . 134
522 The Mean Square Error of the Gradient Estimator .... 138
53 Estimation of the Mean Square (Mean Functional) Error. . . . . 142
531 TheArgumentCase ... ..... ... ... . ... ... . ... ... 143
532 The Criterial Case ... ... .. ... ... ... 147
54 Convergence Behavior of Hybrid Stochastic Approximation
Methods . .. . . 147
54.1 Asymptotically Correct Response Surface Modd. = . . 147
542 Biased Response Surface Modd. ... ... . 150
55 Convergence Rates of Hybrid Stochastic Approximation
Procedures ... .. 153
55.1 Fixed Rate of Stochastic and Deterministic Steps .. . 158
552 Lower Bounds for the Mean Square Error. .. .. ... .. 168
553 Decreasing Rate of Stochastic Steps .. ... ... ... ... .. 172
6 Stochastic Approximation Methods with Changing Error
Variances .. ... 177
6.1 Introduction ... . ... 177
6.2 Solution of Optimality Conditions . ... ... ... .. .. ... .. .. .. 178
6.3 Genera Assumptions and Notations ... ... ... . .. . . 179
6.3.1 Interpretation of the Assumptions . .. ... ... ... .. . .. 181
6.3.2 Notations and Abbreviations in this Chapter. . ... .. . 182
64 Preliminary Results ... ... ... ... .. ... 183
6.4.1 Estimation of the Quadratic Error. ... .. . .. . 183
6.4.2 Consideration of the Weighted Error Sequence . . . . . . 185
6.4.3 Further Preliminary Results .. ... ... ... ... ... .. 188
65 Generd Convergence Results ... ... ... ... 190
6.5.1 Convergence with Probability One .. ... ... ... .. . .. 190
652 ConvergenceintheMean ... .. . ... ... .. 192
6.53 Convergencein Digtribution ... ... ... . . 195



Xl Contents

6.6 Redisation of Search Directions Yy, . .. .. ... ... ... . ... ... .. 204
6.6.1 Estimationof G*. .. ... ... . ... ... ... . .. ... . .. 208
6.6.2 Update of the Jacobian .. .. .. .. . . .. .. .. . 209
6.6.3 Estimation of Error Variances . ... ....... ... ... .. 214

6.7 Redization of Adaptive Step Sizes ... ... ... ... 219
6.7.1 Optima Matrix Step Szes ... .. ... ... ... ... 220
6.7.2 Adaptive Scdlar Step Size ... ... 226

6.8 A Specid Class of Adaptive Scdlar Step Szes . ... ... . . 236
6.8.1 Convergence Properties ... ... ... .. ... ... .. ... 237
6.82 Examples for the Function Qu(r). ... .. ... . . .. .. .. 241
6.83 Optima Sequence (Wy). . ... ... ... ... ... ... ... .. 246
6.84 Sequence (Kn). . ... . ... 247

Part V Technical Applications

7 Approximation of the Probability of Failure/Survival in
Plastic Structural Analysis and Optimal Plastic Design .... 253

71 Introduction ... ... ... 253
7.2 Probability of Survival/Failureps,Pf ... .. ... . . . ... 254
7.3 Approximation of ps,Pf by Linearization of the Transformed
Limit State Function .. ... ... ... ... ... ... ... 257
7.3.1 The Origin Lies in the Transformed Safe Domain . . . . 257
7.32 The Origin Lies in the Transformed Failure Domain ... 260
74 Computation of the /3-Point 2. .. ... ... ... .. . 262
75 TrusSsesS ... ... 265
751 Specid Case .. ... ... 268
7.6 Reliability-Based Design Optimization (RBDO). . .. ... . 269
7.6.1 Necessary Optimality Conditions for the /?-Point = . = . 270
762 Dudity Relations ... ... ... ... 270
Part VI Appendix
A Sequences, Series and Products ... ... ... .. 275
A.l Mean Vdue Theorems for Deterministic Sequences . ... .. . . 275
A.2 lterative Solution of a Lygpunov Matrix Equation . .. . .. 283
B Convergence Theorems for Stochastic Sequences ... .. . .. 287
B.I A Convergence Result of RobbinsSiegmund ... .. ... . 287
B.I.I Consequences . ... ... . ... ... ... ... ... ... .. 287
B.2 ConvergenceintheMean .. ... . . ... ... ... .. 290
B.3 The Strong Law of Large Numbers for Dependent Matrix
SequUeNCeS . ... 292
B.4

A Central Limit Theorem for Dependent Vector Sequences.... 293



Contents  XIII

C Toolsfrom Matrix Calculus................ .. .. .. .. .. .. ... 295
C.l Miscdlaneous . .. ... .. . .. 295
C.2 Thev. Mises-Procedure in Case of Errors ... ... ... ... ... 296
References . . ... . . 301
I ndex



