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CHAPTER 11

It is possible to reach some conclusions about the value of stock options without
making any assumptions about the volatility of stock prices. For example, the price of a
call option on a stock must always be worth less than the price of the stock itself.
Similarly, the price of a put option on a stock must always be worth less than the
option’s strike price.

A European call option on a non-dividend-paying stock must be worth more than

max(S, — Ke™7,0)

where S is the stock price, K is the strike price, r is the risk-free interest rate, and 7 is
the time to expiration. A European put option on a non-dividend-paying stock must be
worth more than

max(Ke™"T — S, 0)

When dividends with present value D will be paid, the lower bound for a European call
option becomes

max(S, — D — Ke™'1,0)
and the lower bound for a European put option becomes
max(Ke™" + D — S, 0)

Put—call parity is a relationship between the price, ¢, of a European call option on a
stock and the price, p, of a European put option on a stock. For a non-dividend-paying
stock, it is

c+Kel'=p+5,
For a dividend-paying stock, the put—call parity relationship is
c+D+Ke'T=p+38,

Put—call parity does not hold for American options. However, it is possible to use
arbitrage arguments to obtain upper and lower bounds for the difference between the
price of an American call and the price of an American put.

In Chapter 15, we will carry the analyses in this chapter further by making specific
assumptions about the probabilistic behavior of stock prices. The analysis will enable us
to derive exact pricing formulas for European stock options. In Chapters 13 and 21, we
will see how numerical procedures can be used to price American options.
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Practice Questions

11.1.

11.2.

11.3.

11.4.

11.5.

11.6.

11.7

11.8.

11.9.

11.10.

11.11.

11.12.

11.13.

What is a lower bound for the price of a 4-month call option on a non-dividend-paying
stock when the stock price is $28, the strike price is $25, and the risk-free interest rate is
8% per annum?

What is a lower bound for the price of a 1-month European put option on a non-
dividend-paying stock when the stock price is $12, the strike price is $15, and the risk-
free interest rate is 6% per annum?

Give two reasons why the early exercise of an American call option on a non-dividend-
paying stock is not optimal. The first reason should involve the time value of money. The
second should apply even if interest rates are zero.

“The early exercise of an American put is a trade-off between the time value of money
and the insurance value of a put.” Explain this statement.

Why is an American call option on a dividend-paying stock always worth at least as much
as its intrinsic value. Is the same true of a European call option? Explain your answer.

The price of a non-dividend-paying stock is $19 and the price of a 3-month European
call option on the stock with a strike price of $20 is $1. The risk-free rate is 4% per
annum. What is the price of a 3-month European put option with a strike price of $20?

Explain why the arguments leading to put—call parity for European options cannot be
used to give a similar result for American options.

What is a lower bound for the price of a 6-month call option on a non-dividend-paying
stock when the stock price is $80, the strike price is $75, and the risk-free interest rate is
10% per annum?

What is a lower bound for the price of a 2-month European put option on a non-
dividend-paying stock when the stock price is $58, the strike price is $65, and the risk-
free interest rate is 5% per annum?

A 4-month European call option on a dividend-paying stock is currently selling for $5.
The stock price is $64, the strike price is $60, and a dividend of $0.80 is expected in
1 month. The risk-free interest rate is 12% per annum for all maturities. What opportun-
ities are there for an arbitrageur?

A 1-month European put option on a non-dividend-paying stock is currently selling
for $2.50. The stock price is $47, the strike price is $50, and the risk-free interest rate is
6% per annum. What opportunities are there for an arbitrageur?

Give an intuitive explanation of why the early exercise of an American put becomes
more attractive as the risk-free rate increases and volatility decreases.

The price of a European call that expires in 6 months and has a strike price of $30 is $2.
The underlying stock price is $29, and a dividend of $0.50 is expected in 2 months and
again in 5 months. Risk-free interest rates (all maturities) are 10%. What is the price of a
European put option that expires in 6 months and has a strike price of $30?
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11.14.
11.15.

11.16.

11.17

11.18.

11.19.

11.20.
11.21.

11.22.

11.23.

11.24.

CHAPTER 11

Explain the arbitrage opportunities in Problem 11.13 if the European put price is $3.

The price of an American call on a non-dividend-paying stock is $4. The stock price is
$31, the strike price is $30, and the expiration date is in 3 months. The risk-free interest
rate is 8%. Derive upper and lower bounds for the price of an American put on the same
stock with the same strike price and expiration date.

Explain carefully the arbitrage opportunities in Problem 11.15 if the American put price
is greater than the calculated upper bound.

Prove theresultin equation (11.7). (Hint: For the first part of the relationship, consider
(a) a portfolio consisting of a European call plus an amount of cash equal to K, and
(b) a portfolio consisting of an American put option plus one share.)

Prove the result in equation (11.11). (Hint: For the first part of the relationship,
consider (a) a portfolio consisting of a European call plus an amount of cash equal
to D + K, and (b) a portfolio consisting of an American put option plus one share.)

Consider a 5-year call option on a non-dividend-paying stock granted to employees. The
option can be exercised at any time after the end of the first year. Unlike a regular
exchange-traded call option, the employee stock option cannot be sold. What is the
likely impact of this restriction on the early-exercise decision?

Use the software DerivaGem to verify that Figures 11.1 and 11.2 are correct.
What is the impact (if any) of negative interest rates on:

(a) The put—call parity result for European options

(b) The result that American call options on non-dividend-paying stocks should never be
exercised early

(c) The result that American put options on non-dividend-paying stocks should some-
times be exercised early.

Assume that holding cash earning zero interest is not possible.

Calls were traded on exchanges before puts. During the period of time when calls were
traded but puts were not traded, how would you create a European put option on a non-
dividend-paying stock synthetically.

The prices of European call and put options on a non-dividend-paying stock with an
expiration date in 12 months and a strike price of $120 are $20 and $5, respectively. The
current stock price is $130. What is the implied risk-free rate?

A European call option and put option on a stock both have a strike price of $20 and an
expiration date in 3 months. Both sell for $3. The risk-free interest rate is 10% per
annum, the current stock price is $19, and a $1 dividend is expected in 1 month. Identify
the arbitrage opportunity open to a trader.
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11.25. Suppose that ¢y, ¢,, and c3 are the prices of European call options with strike prices Kj,
Kj,and K5, respectively,where K3 > K, > KjandK; — K, = K, — K;.Alloptionshave
the same maturity. Show that

¢ = 0.5(c; + ¢3)

(Hint: Consider a portfolio that is long one option with strike price K;, long one option
with strike price K3, and short two options with strike price K5.)

11.26. What is the result corresponding to that in Problem 11.25 for European put options?
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Involving Options

We discussed the profit pattern from an investment in a single option in Chapter 10. In
this chapter we look at what can be achieved when an option is traded in conjunction
with other assets. In particular, we examine the properties of portfolios consisting of
(a) an option and a zero-coupon bond, (b) an option and the asset underlying the
option, and (c) two or more options on the same asset.

A natural question is why a trader would want the profit patterns discussed here. The
answer is that the choices a trader makes depend on the trader’s judgment about how
prices will move and the trader’s willingness to take risks. Principal-protected notes,
discussed in Section 12.1 appeal to individuals who are risk-averse. They do not want to
risk losing their principal, but have an opinion about whether a particular asset will
increase or decrease in value and are prepared to let the return they earn on this
principal depend on whether they are right. If a trader is willing to take rather more risk
than this, he or she could choose a bull or bear spread, discussed in Section 12.3. Yet
more risk would be taken with a straightforward long position in a call or put option.

Suppose that a trader feels there will be a big move in price of an asset, but does not
know whether this will be up or down. There are a number of alternative trading
strategies. A risk-averse trader might choose a reverse butterfly spread, discussed in
Section 12.3, where there will be a small gain if the trader’s hunch is correct and a small
loss if it is not. A more aggressive investor might choose a straddle or strangle,
discussed in Section 12.4, where potential gains and losses are larger.

Further trading strategies involving options are considered in later chapters. For
example, Chapter 17 shows how options on stock indices can be used to manage the
risks in a stock portfolio and explains how range forward contracts can be used to
hedge a foreign exchange exposure; Chapter 19 covers the way in which Greek letters
are used to manage the risks when derivatives are traded; Chapter 26 covers exotic
options and what is known as static options replication.

PRINCIPAL-PROTECTED NOTES

Options are often used to create what are termed principal-protected notes for the retail
market. These are products that appeal to conservative investors. The return earned by
the investor depends on the performance of a stock, a stock index, or other risky asset,
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but the initial principal amount invested is not at risk. An example will illustrate how a
simple principal-protected note can be created.

Example 12.1

Suppose that the 3-year interest rate is 6% with continuous compounding. This
means that 1,000e %% = $835.27 will grow to $1,000 in 3 years. The difference
between $1,000 and $835.27 is $164.73. Suppose that a stock portfolio is worth
$1,000 and provides a dividend yield of 1.5% per annum. Suppose further that a
3-year at-the-money European call option on the stock portfolio can be purchased
for less than $164.73. (From DerivaGem, it can be verified that this will be the
case if the volatility of the value of the portfolio is less than about 15%.) A bank
can offer clients a $1,000 investment opportunity consisting of:

1. A 3-year zero-coupon bond with a principal of $1,000
2. A 3-year at-the-money European call option on the stock portfolio.

If the value of the porfolio increases the investor gets whatever $1,000 invested in
the portfolio would have grown to. (This is because the zero-coupon bond pays
off $1,000 and this equals the strike price of the option.) If the value of the
portfolio goes down, the option has no value, but payoff from the zero-coupon
bond ensures that the investor receives the original $1,000 principal invested.

The attraction of a principal-protected note is that an investor is able to take a risky
position without risking any principal. The worst that can happen is that the investor
loses the chance to earn interest, or other income such as dividends, on the initial
investment for the life of the note.

There are many variations on the product in Example 12.1. An investor who thinks
that the price of an asset will decline can buy a principal-protected note consisting of a
zero-coupon bond plus a put option. The investor’s payoff in 3 years is then $1,000 plus
the payoff (if any) from the put option.

Is a principal-protected note a good deal from the retail investor’s perspective? A
bank will always build in a profit for itself when it creates a principal-protected note.
This means that, in Example 12.1, the zero-coupon bond plus the call option will always
cost the bank less than $1,000. In addition, investors are taking the risk that the bank
will not be in a position to make the payoff on the principal-protected note at maturity.
(Some retail investors lost money on principal-protected notes created by Lehman
Brothers when it failed in 2008.) In some situations, therefore, an investor will be
better off if he or she buys the underlying option in the usual way and invests the
remaining principal in a risk-free investment. However, this is not always the case. The
investor is likely to face wider bid—ask spreads on the option than the bank and is likely
to earn lower interest rates than the bank. It is therefore possible that the bank can add
value for the investor while making a profit itself.

Now let us look at the principal-protected notes from the perspective of the bank. The
economic viability of the structure in Example 12.1 depends critically on the level of
interest rates and the volatility of the portfolio. If the interest rate is 3% instead of 6%,
the bank has only 1,000 — 1,000e %933 = $86.07 with which to buy the call option. If
interest rates are 6%, but the volatility is 25% instead of 15%, the price of the option
would be about $221. In either of these circumstances, the product described in
Example 12.1 cannot be profitably created by the bank. However, there are a number
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