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406 CHAPTER 12 TORQUE

Figure 12.38 The point of contact of a
wheel rolling without slipping has zero
instantaneous velocity.

moves with a continuously changing velocity along a trajectory resembling
that of the handle of the wrench in Figure 12.9. Note in particular that when-
ever a point on the rim is in contact with the surface over which the wheel is
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rolling, that point has zero instantaneous velocity (on the rim » = R and
v; = rwy points in the direction opposite the direction of v, = Rw). This
zero instantaneous velocity of the rim point in contact with the surface is a
direct consequence of the requirement that the object rolls without slipping:
The relative velocity of the two surfaces in contact must be zero for there to
be no slipping. Figure 12.38 shows that points on the rim move in a direction
perpendicular to the surface just before and just after reaching the bottom.
Let us next turn to the dynamics of rolling motion. Suppose a round
object of inertia 72 and radius R is released from rest on a ramp as shown in
Figure 12.39a. Why does the object roll down instead of sliding down as would
a block of wood? The reason is that the force of static friction, which forces the
instantaneous point of contact to be motionless, causes a torque about the cen-
ter of the object. To understand the motion of the object, we must find the vec-
tor sum of the forces exerted on it and the sum of the torques caused by these
forces. Figure 12.39b shows a free-body diagram for the object, which is sub-
ject to two forces: the force of gravity and a contact force exerted by the ramp,
which has a normal component F, in the y direction and a tangential compo-
nent F3, in the x direction due to static friction. As we have done with other
problems involving ramps, we chose the x axis to be along the ramp. For the
object to accelerate down the ramp, the vector sum of the forces must point in
the positive x direction,so X F, = Fgoy + F? = 0and 3F, = F§, . — F5, > 0.
The vector sum of the forces and the center-of-mass acceleration are related by

SE = FS . —F5, = mgsin0 — FS, = ma.y,.. (12.21)

This equation contains two unknowns: the magnitude of the force of static
friction F}, and a.y, . All we know about Ff, is that it must be less than or
equal to its maximum value (Fj)ma.y, but this fact doesn’t help us solve
Eq. 12.21. Let us therefore turn to the extended free-body diagram shown in
Figure 12.39¢, which shows the object with the forces exerted on it at their
points of application. Because the object rotates about its center of mass, we
determine the sum of the torques about the center of mass. Neither F ¢ nor F7,
causes a torque because their lines of action go through the center of mass, and
so the lever arm distances for these forces are zero. Only F, causes a torque;
its lever arm distance is the radius R of the object. Equation 12.10 then yields

2Textﬂ = + FLS'OR = Iaq}; (1222)

where I is the object’s rotational inertia and «y is its rotational accelera-
tion. Although this yields another equation, we have now added a third
unknown: a.

Figure 12.39 A round object rolls down a ramp.

(a) Object rolls down ramp

(b) Free-body diagram (c) Extended free-body diagram
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Because the object is rolling without slipping, its rotational and transla-
tional motions are coupled, and so its rotational and center-of-mass acceler-
ations must be related. Differentiating both sides of Eq. 12.19, v, = Rwg,
with respect to time yields

dons = Rag. (12.23)
Substituting ay from Eq. 12.23 into Eq. 12.22 and solving for F},, we find

I
Fio = — 7. (12.24)

Substituting this result for F;, into Eq. 12.21 and solving for a.,,, we obtain

in 0 in 0
Gy = + gsml — +glsf , (12.25)
1+— ¢
mR

where ¢ = I/mR? is the shape factor of the object (0 < ¢ < 1; see Table 11.3).
The numerator in Eq. 12.25 is the acceleration of an object sliding down a
ramp with negligible friction (see Eq. 3.20). The denominator shows by
what factor this acceleration is reduced for rolling motion. Because c is
independent of 7 and R, Eq. 12.25 shows that the acceleration of the
object does not depend on the values of 7 and R. Only the shape of the
object matters because it affects the shape factor c. For all objects of a
given shape, the time interval to roll down a ramp is thus the same. A
large cylinder takes the same time interval as a small one, but a thin cylin-
drical shell takes longer than a solid cylinder because the shape factor of
the shell is greater.

We can now also find an expression for the magnitude of the force of
static friction Fj,. Substituting a.,, from Eq. 12.25 into Eq. 12.24 and
eliminating the rotational inertia using ¢ = I/mR?, which gives I = cmR?,
we obtain

I cmR? gsin 0 _ mgsin 6

E,=— = )
o = g2 femx RZ 1+c¢ 41

(12.26)

Note that the force of static friction plays a dual role. It decreases the
center-of-mass speed and acceleration of the rolling object by reducing the
magnitude of the vector sum of the forces exerted on it: SF, = F& . —F:..
It also causes the torque that gives the object a rotational acceleration. In
the absence of static friction, there would be no torque and objects would
never roll—they would only slide.

Wheels certainly make it easier to push objects, but as Eq. 12.26 shows,
they do not eliminate friction. In fact, the force of static friction to which
wheels are subject slows them down, and as we have seen, the force of
static friction can be greater than the force of kinetic friction. The next
examples help clarify this paradox.

@ 12.10 (a) A cylindrical shell and a solid cylinder, made of the same material
and having the same inertia 7 and radius R, roll down a ramp. Is the force of
static friction exerted on the shell greater than, smaller than, or equal to that on
the solid cylinder? Explain. (b) For u, = 1, what is the maximum angle of incline 6
on which these objects can roll without slipping?

12.6 ROLLING MOTION
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408 CHAPTER 12 TORQUE

EXAMPLE 12.7 Bicycle friction

As you accelerate from rest on a bicycle, how does the mag-
nitude of the force of friction exerted by the road surface on
the rear wheel compare with the magnitude of the force of
friction exerted by the road surface on the front wheel?
Ignore air resistance, assume both wheels have the same iner-
tia m,, and the same radius R, and let 72, be the combined
inertia of you and your bicycle (including both wheels).

© GETTING STARTED I begin by making a sketch of my
bicycle (Figure 12.40a). As I push on the pedals, the chain
causes a torque on the rear wheel that makes the wheel
rotate so that it exerts a rearward force on the road. Conse-
quently the road surface exerts on the rear wheel a contact
force in the opposite direction, and the tangential compo-
nent of this force—the force of static friction—is what
makes the bicycle go forward. This force, which I label s,
is one of the forces I need for my comparison. (Note the sub-
scripts here: r stands for “rear,” not “road”; this is the fric-
tional force exerted by the (road) surface on the rear wheel.)

The front wheel, because it is not connected to the
chain, is merely pushed along with the rest of the bicycle.
To make this wheel rotate in the right direction, the road
surface must exert on it a rearward-pointing force of static
friction Fs; (subscript f for “front” here). The torque caused
by this frictional force is what makes the front wheel
rotate, and this is the second force in my comparison.

Armed with this information, I make a free-body dia-
gram for the bicycle (Figure 12.40b), showing the two fric-
tional forces, the upward component of the contact force
E?% exerted by the road surface, and the downward force
of gravity ES,. Because the bicycle accelerates forward, I
draw the vector arrow for E5, longer than the vector arrow
for F;. Finally, I show the direction in which the bicycle’s
center of mass accelerates and choose a set of axes, letting
the x axis point in the direction of motion. I also choose
clockwise as the direction of increasing ¥ because that is
the direction in which the wheels rotate.

Figure 12.40
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@ DEVISE PLAN The equation of motion in the form given by
Eq. 8.45,d., = SE. /m, relates the vector sum of the forces
shown in my free-body diagram to the acceleration 4., of
the bicycle’s center of mass. Thus this equation gives me an
expression that contains the two forces 'm after and seems a
good place to begin. This expression contains the translational

acceleration, however, whereas the variables in this problem
are rotational, so I will probably need Eq. 12.23 relating
ay and ... Focusing on the front wheel first, I can use
the rotational equation of motion, Eq. 12.5, 79 = Iay, to
relate the torque caused by F%; to ay for this wheel and then
use Table 11.3 to express everything in terms of the given
variables 72, and R. Once I have my expression for the mag-
nitude Fg, I can work with Eq. 8.45 to obtain an expression
for F%, in terms of F§f and make my comparison.

© EXECUTE PLAN The vector sum of the forces in the x
direction is, from Eq. 8.45,

EFx = Fir_Fif = Mcomb Femxs (1)

so I have an expression that contains both of the forces 'm after.

According to Eq. 12.23, the rotational acceleration of
the rear wheel is ay = a., /R, and the rotational accelera-
tion of the front wheel must be the same as that of the rear
wheel. To give the front wheel rotational acceleration a, the
force F% must cause a torque 73 = oy on the wheel, where
I is the wheel’s rotational inertia. If I treat the wheel as a thin
hoop of inertia 72, I have, from Table 11.3, I = mR?,
which means the torque on the front wheel is 7y = 7, R%ay.
The lever arm distance for this torque is equal to the radius R
of the wheel, and so for this wheel 7y = F$R = m Ray. 1
know that for both wheels ay = a.,./R, however, so I
can write

acmx
F%R = (myR?) (T)

Dividing both sides by R yields one of the two forces I must
compare:

gf = My demy- (2)

This is the magnitude of the force of static friction required
to make the front wheel roll when the bicycle has accelera-
tion d.y, .. The smaller the inertia of the wheel, the smaller
this force magnitude.

Turning to the other force I need for my comparison—
the force exerted on the rear wheel—I begin by eliminating
demy from Eq. 1 using Eq. 2 to get

Mcomb
B = Hee = of
W
Mcomb Meomb T M
or  Fy=Fy (1 = ) = F <7“°‘“ W).
mW mW

The magnitude of the force of static friction exerted on the
rear wheel is greater than that exerted on the front wheel
by the factor (7o), + my,) /1y,

@ EVALUATE RESULT Because Meomb = M, the magnitude
of the force of static friction exerted on the front wheel is
much smaller than that on the rear wheel, as I expect.
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\%y 12.11 (@) In Example 12.7, does the force of static friction exerted on the
rear wheel cause a torque on the wheel? If so, in which direction? If not, why
not? (b) In what direction is the sum of the torques on the rear wheel? What does
this tell you about the relative magnitudes of the individual torques on the wheel?

12.7 Torque and energy

Torques cause objects to accelerate rotationally and thus cause a change in
their rotational kinetic energy. To calculate this energy change, consider the
object shown in Figure 12.41. A force F is exerted at point P on the object, a
distance 7 from the axis of rotation. Let this force be such that the magni-
tude of its component perpendicular to 7 remains constant as the object
rotates. This component thus causes a constant torque 73 = +7F, about
the axis. Equation 12.10 relates the sum of the torques to the rotational
acceleration. By applying the chain rule (Appendix B), we can write this
equation in the form

_ o _ g dey deydd _ doy
Doy = ey = 17 7 =Ty = 1 g5 @,

$0 (Srxes ) dY = Loy doy. (12.28)

(12.27)

Integrating the left side of this equation yields

V¢ Rf:
/ (ST )dd = (Ermﬁ)/ d9 = (Stes ) A9, (12.29)

% B

Integrating the right side after pulling the (constant) rotational inertia I out
of the integral gives

Wy f Wy
y ¢
/ Iwy dwy = 1/ wy dwy = I[%w%}w:’
Wy i Wy i ’

= Jwds— 31wy ; = Kegrs— Keoei- (12.30)

Equations 12.28-12.30 thus show that the change in the rotational kinetic
energy, AI<rot = Krot,f - Krot,ia is

AK. . = ( > Textd ) AY  (constant torques, rigid object). (12.31)

This equation states that the change in an object’s rotational kinetic energy
is equal to the product of the sum of the torques on the object and the
object’s rotational displacement. Note the analogy to Eq. 9.14, which relates
the change in an object’s center-of-mass kinetic energy to the product of the
vector sum of the forces exerted on it and the object’s displacement:

AK., = (EFext)Axcm (constant forces, one dimension). (12.32)

The kinetic energy of an object or system that is in both translational
and rotational motion is equal to the sum of its center-of-mass and rota-
tional kinetic energies:

K = Ko + Kyop = 102, + 110, (12.33)

and the change in this kinetic energy is given by the sum of the changes in
Egs. 12.31 and 12.32:

AK = AK,, + AK,,,. (12.34)

12.7 TORQUE AND ENERGY
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Figure 12.41 A rigid object subject to a con-
stant torque caused by a force F exerted on it
undergoes a rotational displacement A9.
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EXAMPLE 12.8 Rolling down a ramp

A solid cylindrical object of inertia 71, rotational inertia I,
and radius R rolls down a ramp that makes an angle 6 with
the horizontal. By how much does the cylinder’s energy
increase if it is released from rest and its center of mass
drops a vertical distance h?

© GETTING STARTED I am given information about an object
in the shape of a solid cylinder—inertia, rotational inertia,
radius, and initial speed—and my task is to find out how
much the object’s energy has increased once it has rolled
down a ramp such that its center of mass has traveled a verti-
cal distance h. The object accelerates down the incline under
the influence of the force of gravity. I therefore begin by mak-
ing a sketch of the situation and drawing both free-body and
extended free-body diagrams (Figure 12.42). The object is
subject to a gravitational force exerted by Earth and a contact
force exerted by the ramp. If I choose my axes as shown in
my sketch, the contact force exerted by the ramp has a nor-
mal component FJ in the y direction and a tangential com-
ponent F, in the negative x direction due to static friction.

@ DEVISE PLAN As the object rolls, both its translational
and rotational kinetic energies increase. Because the shape
of the object does not change and because static friction is
nondissipative, the object’s internal energy does not
change. I can use Eq. 12.32 for the change in translational
kinetic energy and Eq. 12.31 for the change in rotational
kinetic energy. To express the two factors on the right in
Eq. 12.32 in terms of my given variables, I use the geome-
try of the situation to express both factors in terms of sin 6.

© EXECUTE PLAN The change in translational kinetic
energy is given by Eq. 12.32, AK,,, = ( EFextx) Ax.m, and
the vector sum of the forces exerted on the object in the x
direction is

D Foxix = mgsin 0 — F,
or, using Eq. 12.26,

. 1
D Foex = tmg smG(l ~1n 671),

where ¢ is the object’s shape factor. Because the displacement of
the object’s center of mass along the plane is Ax.,, = //sin 6,
the change in its translational kinetic energy is

1
AK,., = (EFextx)Axcm = mgb(l — " cil)'

Figure 12.42

Next, I use Eq. 12.31 to calculate the change in the
object’s rotational kinetic energy. From my extended free-
body diagram I see that only the force of static friction
causes a (positive) torque, S0 X Tewy = + FioR. I can find
the object’s rotational displacement AY from Eq. 12.18:

Ax b 1 h
= — = — = 4+
AY R (sin@)(R) Rsin @’

so, from Eq. 12.31,

. b _ (mgsin6 h \_ mgh
AK;or = (FroR)(R sin 9) B ( 1+ 1 )(sin 9) 14V

where I have again used Eq. 12.26 to substitute for F3,.
Adding the two changes in kinetic energy, I obtain

AE = AK,, + AK,q,

1 1
h(1- + mgh — mgh. v/
e ( 1+c*1) e (1+c*1) e

@ EVALUATE RESULT My result indicates that the object’s
energy changes by the same amount it would change if it
were simply in free fall! In other words, the only work
done on the object is the work done by the gravitational
force: FS,» A7 = mgh (see Section 10.9). This implies that
the work done by all other forces on the object is zero. The
normal force does no work on the object because it is per-
pendicular to the displacement of the object, but what is
the work done by the force of static friction on the object?
The object’s displacement, //sin 6, lies along the line of
action of the force of static friction, and so it is tempting to
write —Fj, (b/sin ) for the work done by the force of
static friction on the object. However, the point of applica-
tion for E5, has zero velocity. At each instant, a different
point on the object’s surface touches the ramp, but the
instantaneous velocity of that point is zero. The force dis-
placement for ES, is thus zero, so the work done by this
force on the object is zero as well.
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Example 12.8 shows that the force of static friction does no work on a
rolling object! The only thing it does is take away some of the transla-
tional kinetic energy and generate an equal amount of rotational kinetic
energy. It takes away translational kinetic energy by reducing the magni-
tude of the vector sum of the forces and converts it to rotational kinetic
energy by causing a torque.

w 12.12 In Figure 12.41, does the force exerted on the rigid object do work
on the object?

12.8 The vector product

To complete our treatment of rotation, we must examine the vectorial nature
of the rotational components. As we saw in the first part of this chapter, an
object’s rotational velocity can be described by a vector ®. Angular momen-
tum, which is the product of a scalar and @, L = I&, is therefore also a
vector and points in the same direction as . Because the rotational accelera-
tion « is the time derivative of @, it must be a vector, too. Torque, which is the
product of a scalar and @, 7 = Ia, therefore points in the same direction as a.

Consider the object in Figure 12.43. A force F exerted at point P increases
the magnitude of the object’s rotational velocity about the rotation axis at O.
As the magnitude of the rotational velocity increases, the length of the vector
representing o increases. Because the rotation takes place in a plane, the direc-
tion of @ remains along the axis of rotation. The direction of a is related to
the direction of the vector representing the change in rotational velocity Aa.
Because the direction of @ remains along the axis of rotation, Aw, @, and 7
also lie along the rotation axis.

The magnitude of the torque is 7F sin 6, where 6 is the angle between 7
and F. In Section 10.9, I showed that work on a system can be written as a
scalar product of two vectors. To account for the vectorial nature of torque,
we must introduce a new kind of product of two vectors: one that generates
a new vector. Specifically, this product of the vectors 7 and F must generate
a vector whose magnitude is 7F sin 6 and whose direction is as indicated in
Figure 12.44. Such a product is called the vector product. The vector product
of two vectors A and B, written A X B, is a vector whose magnitude is

|A X B| = AB sin 6, (12.35)

where 6 is the angle between Aand B when they are placed tail to tail (and
6 = 180°). The direction of the vector A X B is determined as illustrated in
Figure 12.44a: Place vectors A and B with their tails together and apply
the right-hand rule to the direction of rotation obtained by rotating A into B

Figure 12.44 The vector product of two vectors.

(a) Vector product AXB (b) Finding the direction of a vector product

AxB Align fingers of right AXB
hand with fipst vector .,
i duct (A) ...
smallest angle between in product (4)
Aqnd3(9<180) \
.. and curl sseeeereen... . >
. fingers toward 4 r T
A=——3 P second vector (B).
] 5/ 1

Thumb points in direction of vector product.

12.8 THE VECTOR PRODUCT
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Figure 12.43 For a rotation about a fixed
axis with increasing rotational speed, the

rotational velocity, rotational acceleration,
and torque vectors all point along the rota-

tion axis.

Right-hand rule
gives direction of
rotational vectors. 7

el

a points in same direction
4 7 as o because @ is increasing
in magnitude.

— o
o <«

(¢) Magnitude of a vector product

Magnitude of A X B equals area of rectangle:

|A X B| = ABsin 6.

Triangles are equal, so rectangle has
same area as dotted parallelogram.
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