Contents

L Combinatorial and Asymptotic Methods in Algebra
V. A. Ufnarovskij
1

I1. Non-Associative Structures
E. N. Kuz’min, I. P. Shestakov
197

Author Index
281

Subject Index
283

Bibliografische Informationen HI.
) digitalisiert durch 1
http://d-nb.info/940810581 BLIOTHE


http://d-nb.info/940810581

I. Combinatorial and Asymptotic
Methods in Algebra

V. A. Ufnarovskij

Translated from the Russian
by R. M. Dimitrié

Contents

Preface to the English Edition . . . . . ... .. .. ... ........
Introduction . . ... ... .. . . . ... e

§1.

§2.

Basic Objects and Constructions . .. ...............
1.1. Introduction .. ... ... ... . . ... ... .. . .. ...
1.2. Ways of Defining Infinite-dimensional Algebras . ... . ..
1.3. Combinatorial Approach . ... ................
1.4. Connections Between Different Ways of Defining by
Generators and Relations . . ... ..............
1.5. Modules . .. ... ... ... .. ...
1.6. The Tensor Product . .....................
1.7. Coalgebras. Hopf and Roos Algebras . . ... ........
1.8. Elements of Homological Algebra .. .............

Normal Words and a Grobner Basis of an Ideal of a Free Algebra
2.1. Introduction . ... ... ... .. ... ...
2.2. Basic Notation. Degree and Order . ... ... .......
2.3. Normal Words. Decomposition of a Free Algebra

into an Ideal and Its Normal Complement . ... ... ..
2.4. Grobner Basis. Complete System of Relations . . . .. ...
2.5. Reduction. Composition. The Composition Lemma, . . . . .
2.6. Examples . . . . . . ... ... .. e
2.7. Grobner Basis in the Commutative Case . . ... ... ...
2.8. Regular Words. Basis of a Free Lie Algebra . ... ... ..
2.9. A Composition Lemma for Lie Algebras . ..........



§3.

§4.

§5.

6.

V. A. Ufnarovskij

2.10. The Triangle Lemma . . ... .................
2.11. Applications and Examples of Complete Systems of Relations
2.12.Comments . . . . ... e e e e e e e e e .

Graded Algebras. The Golod—Shafarevich Theorem.
Anick’s Resolution . . ... ..... ... ... . ... . ....
3.1. Introduction . ............ ... ... ... ... ...
3.2. Graded Algebras . .. ... ... ... ... ... .. . ...
3.3. The Method of Generating Functions . . .. ... ... ...
3.4. The Free Product. Exact Sequences . ............
3.5. The Golod-Shafarevich Theorem .. .............
3.6. Obstructions. The n-chains. The Graph of Chains . . . ..
3.7. Calculating the Hilbert Series . . ...............
3.8. Anick’'sResolution . ............... ... ...,
3.9. Calculating the Poincaré Series . ... ............
3.10. Associated Lattices of Subspaces and Algebras with One
Relation. Algebras with Quadratic Relations . ... .. ..
311.Comments . .. .. ... ...t

Generic Algebras. Diophantine Equations . . ........ ...
4.1. Introduction . .. ... .. .. ... ... e
4.2. Order Properties for Series . . . . .. ... ... .......
4.3. Algebras of Global Dimension Two . . . ... ........
4.4. Conditions of Finite-dimensionality . ... ... ... . ...
4.5. Properties of the Set of Hilbert Series . . ..........
4.6. Action of a Free Algebra. Diophantine Equations . . . . ..
4.7 Comments . . . .. . . . . it e e e e

Growth of Algebrasand Graphs . . . ... .............
51. Imtroduction . . ... ... ... . ... ... ... ...,
5.2. The Growth. Gel’fand-Kirillov Dimension. Superdimension
5.3. The Exponential Growth . . . ... ... ...........
54. The GrowthofaSeries . .. ..................
5.5. The Growth of the Universal Enveloping Algebra . . .. ..
5.6. The Growthof Graphs . . ... ... ... ..........
5.7. Graphsfor NormalWords . ..................
5.8. Transformations of Graphs. Formulas for Normal Words.
Calculation of the Hilbert Series . ... ...........
5.9. An Algorithm for Calculating the Growth of an Algebra . .
5.10. Regular Languages. Automaton Algebras . ...... ...
511.Comments . . ... ... .. ...t

Combinatorial Lemmas and Their Applications to Questions
of Nilpotency. The Growth of Groups . . . ... ... ... ...
6.1. Introduction .. ........ .. .. ... ... ... ..

39
42

42

46
47
49
51
54
59

83



§7.

§8.

§9.

§10.

I. Combinatorial and Asymptotic Methods in Algebra

6.3. Comparison and Equivalency of Words.

Periodic and Regular Words . . . . . ... ... .......
6.4. TheoremonHeight . ... ... .. ..............
6.5. Nilpotency. Sandwiches . . . ... ... ............
6.6. Nilpotency and Growth in Groups . . .. ... .......
6.7. Comments .. ... ... ... ...,

The Algebras of Polynomial Growth. The Monomial Algebras
7.1. Introduction . . .. ... ... ... ... o
7.2. Pl-algebras. Basic Definitions and Facts . .. ... ... ..
7.3. Calculation of Hilbert Series and Series of Codimensions

in Varietiesof Algebras . . . . ... ... ...........
7.4. Pl-algebras. Representability. 7-primary and Non-matrix

Varieties. The Equality Problem . ... ... ... .....
7.5. Varieties of Semigroups . . . .. ... ... ... ... ...,
7.6. The Automaton Monomial Algebras . ... .........
7.7. Finite Global Dimension. Radical and PI-properties of

the Monomial Algebras . . . . ... ..............
7.8. Examples of Growth of Algebras. Properties of

the Gel'fand-Kirillov Dimension . . . . ... ... ......
7.9. Finite Grébner Basis and Strictly Ordered Algebras .
7.10. Lie Algebras of Polynomial Growth . . ... ...... ...
711.Comments . . ... ... ... ...

Problems of Rationality . ......................
8.1, Introduction . ... ........ ... ... ... ... ...
8.2. Rational Dependence. Formulation of the Fundamental

Theorem . . ... ... .. . e e
8.3. Examples of Non-rational Series . . . . .. ... .......
8.4. Contiguous Sets. Quadratic Algebras. Relation with

Hopf Algebras . . . . . . ... ... ... ... ... .....
8.5. Differential Algebras . . ....................
86. Comments . ... ........¢.ciuurunnnnnn..

Local Rings. CW-complexes . ... .................
9.1. Introduction . ............ ... ...,
9.2. Regularity. Complete Intersection. Rationality . ... ...
93. Koszul Complex . . ... .. .. ... ... ..
9.4. Nilpotent Algebras and Rings with the Condition 9t = 0
9.5. Hopf Algebras, Differential Algebras and CW-complexes

Other Combinatorial Questions . .. ................
10.1. Introduction . . . . ... ... ... . .. . e,
10.2. Hyperbolic Groups . . . . . .. .. .. . v
10.3. Quantum Groups and Quadratic Algebras . ... ... ...
10.4.Comments . . . . . . ...t

101
104
106
110
114

115
115
116

118

122
125
127

129

130
133
135
136

137
137



4 V. A. Ufnarovskij

§11. Appendix . . . . . ... 161
11.1. Computer Algebra. . . . ... ... ... ... .. ...... 161
11.2. Commutative Grébner Basis . . ... ............ 162
11.3. n-cyclic Systems of Equations ... ............. 163
11.4. Commutative Algebras with the Quadratic Relations . .. 165
11.5. Koszul Algebras and Veronese Subalgebras . ... ... .. 166
11.6. Lie Algebras and Rationality . ................ 167
11.7. Gelfand-Kirillov Dimension, Growth

and Monomial Algebras . . ... ... ............ 168

11.8. The Burnside Problem and Semigroups . .......... 169

11.9. The Generatingfunctionology . .. ... ........... 170
References . . . . . .. .. . ... . . . . 182



§1.

§2.

§3.

§4.

I1. Non-Associative Structures
E. N. Kuz’'min, I. P. Shestakov

Translated from the Russian
by R. M. Dimitrié¢

Contents

Introduction to Non-Associative Algebras .. ........ ...
1.1. The Main Classes of Non-Associative Algebras . ... ...
1.2. General Properties of Non-Associative Algebras . . . .. ..

Alternative Algebras . . . . ... ... ... ... .. ... ...,
2.1. Composition Algebras . . ...................
2.2. Projective Planes and Alternative Skew-Fields . ... ...
2.3. Moufang’s Identities and Artin’s Theorem ... .... ...
2.4. Finite-Dimensional Alternative Algebras . . ....... ..
2.5. Structure of Infinite-Dimensional Alternative Algebras .

Jordan Algebras . . . .. ... ... ... . ... ... . ...
3.1. Examples of Jordan Algebras ... ..............
3.2. Finite-Dimensional Jordan Algebras . ... .........
3.3. Derivations of Jordan Algebras and Relations

with Lie Algebras . . . . . .. ... ... ... ..., .. ...
3.4. Isotopies of Jordan Algebras, Jordan Structures ... ...
3.5. Jordan Algebras in Projective Geometry . .. ........
3.6. Jordan Algebrasin Analysis . .................
3.7. Structure of Infinite-Dimensional Jordan Algebras . .. ..

Generalizations of Jordan and Alternative Algebras

and Other Classesof Algebras . . . .. ... ... .........
4.1. Non-Commutative Jordan Algebras . ... ... .......
4.2. Right-Alternative Algebras .. ................
4.3. Algebrasof (v,6)-Type . . . .. . ... ...
4.4. Lie-Admissible Algebras . . ... ... ... .........



198 E. N. Kuz’'min, I. P. Shestakov

§5. Malcev Algebras and Binary Lie Algebras . . .. ... ......
5.1. Structure and Representation of Finite-Dimensional
Malcev Algebras . . . . ... .. ... ... .. .. .. ...
5.2. Finite-Dimensional Binary Lie Algebras (BL-Algebras)
5.3. Infinite-Dimensional Malcev Algebras .. ... .. ... ..

§6. Quasigroupsand Loops . . . ... ... ... ... ... ...
6.1. BasicNotions ... ........... ... .. ... ....
6.2. Analytic Loops and Their Tangent Algebras . . . ... ...
6.3. Some Classes of Loops and Quasigroups ... ........
6.4. Combinatorial Questions of the Theory of Quasigroups
6.5. Quasigroupsand Nets . ... .................

References . . . . . . . . . i i i i i i e e e e e



