
CONTENTS

FOREWORD

Scale Invariance and Beyond

by B. Dubrulle, F. Graner and D. Somette

1. Introduction........................................................................................... 1
2. Scale Invariance...................................................................................... 2

2.1. Concept............................................................................................ 2
2.1.1. A definition of scale invariance............................................ 2
2.1.2. Open questions..................................................................... 3
2.1.3. Analogy with translation invariance.................................... 3
2.1.4. Link with dimensional analysis............................................ 6

2.2. Tools to study scale invariance........................................................ 7
2.2.1. Wavelets............................................................................... 8
2.2.2. Fractional derivative............................................................. 8
2.2.3. Dimensional similarity......................................................... 8
2.2.4. Stable laws............................................................................ 9
2.2.5. Computation of scaling exponents....................................... 10

2.3. Examples.......................................................................................... 10
2.3.1. Condensed matter systems................................................... 11
2.3.2. From cosmology to earthquakes........................................... 12
2.3.3. From biology to finance....................................................... 14

3. Beyond scale invariance........................................................................ 16
3.1. From scale invariance to scale covariance............................   16
3.2. Scale symmetry breaking................................................................. 17

4. Conclusion.............................................................................................. 19

http://d-nb.info/953200221


Scale Invariance

Concept

LECTURE 1

Scale Invariance Without Mechanism?

by F. Graner

1. Introduction........................................................................................... 25
2. Magic in the solar system?..................................................................... 25

2.1. A «log versus rank » plot................................................................ 26
2.2. Explanations of this geometrical progression.................................. 27
2.3. Comments........................................................................................ 28

3. Hand-waving symmetry argument......................................................... 28
3.1. Generic equations............................................................................ 28
3.2. Generic solutions............................................................................. 29
3.3. Comments........................................................................................ 30

4. Example: the flat, cold disk.................................................................... 30
4.1. Symmetry of the equations.............................................................. 31
4.2. Linear stability analysis................................................................... 31
4.3. Unstable modes................................................................................ 32

5. Discussion.............................................................................................. 33
5.1. From continuous to discrete scale invariance.................................. 33
5.2. Warnings.......................................................................................... 34

6. Summary................................................................................................ 35



Tools

LECTURE2

Scale Invariance and Beyond: What Can We Learn from 
Wavelet Analysis?

by A. Ameodo, B. Audit, E. Bacry, S. Manneville, J.F. Muzy 
and S.G. Roux

1. From global to local characterization of the regularity 
of fractal functions............................................................................. 37

2. Statistical analysis of the regularity of fractal functions: 
the multifractal formalism................................................................ 38

3. A thermodynamics of fractal signals based on wavelet analysis...........  39
3.1. Singularity detection and processing with wavelets....................... 39
3.2. The wavelet transform modulus maxima method............................ 40
3.3. The structure function approach versus the WTMM method.........  41

4. Numerical and experimental applications of the WTMM method.......  41
4.1. Fully developed turbulence.............................................................. 42
4.2. DNA sequences................................................................................ 45

5. Further developments and perspectives................................................ 48

LECTURE 3

Fractional Derivatives in Static and Dynamic Scaling

by R. Hilfer

1. Introduction............................................................................................ 53
2. Fractional derivatives.............................................................................. 54
3. Scaling in thermodynamics..................................................................... 56
4. Scaling in macroscopic dynamics........................................................... 58



LECTURE4

Multi-Dimensional Self-Similarity, and Self-Gravitating
N-Body Systems

by R.N. Henriksen

1. Introduction............................................................................................ 63
2. CH prescription for multi-dimensional self-similarity............................ 65
3. Rescaling symmetries in N-body self-gravitating systems..................... 68

3.1. Stationary example.......................................................................... 68
3.2. Asymptotic self-similarity: speculations.......................................... 69

LECTURES

Scaling in Stock Market Data: Stable Laws and Beyond

by R. Cont, M. Potters and J.-Ph. Bouchaud

1. Introduction............................................................................................ 75
2. Statistical description of market data...................................................... 76
3. Scale invariance and stable laws............................................................. 77
4. Beyond scale invariance: truncated Ldvy flights.................................... 78
5. Correlation and dependence.................................................................... 81
6. Turbulence and finance........................................................................... 82
7. Conclusion.............................................................................................. 83

Examples
Condensed Matter Systems

LECTURE 6

Hysteresis, Avalanches, and Barkhausen Noise

by J.P. Sethna, O. Perkovid and K.A. Dahmen

1. Introduction............................................................................................ 87
2. The model............................................................................................... 89



3. The critical exponents............................................................................ 89
4. The epsilon expansion........................................................................... 90
5. Widom scaling....................................................................................... 93
6. Conclusion.............................................................................................. 94

LECTURE 7

Burgers Turbulence and the Energy Landscape 
of Randomly Pinned Objects

by J.-Ph. Bouchaud

LECTURE 8

Power Laws and Scale Invariance 
in Physical Metallurgy

by Y. Brdchet and M. Lebyodkin

1. Introduction............................................................................................ 107
2. The actors and the length scales in physical metallurgy........................ 107

2.1. The actors of physical metallurgy.................................................... 107
2.2. A microstructure viewpoint on mechanical properties................... 108
2.3. Changing scales............................................................................... 109

3. Scale invariance and power laws in physical metallurgy: examples.....  110
3.1. Examples taken from phase transformations................................... 110
3.2. Organisation of structural defects.................................................... Ill
3.3. Scaling laws for mechanical behaviour........................................... 112

4. Suggestions for further work and need of new approaches................... 115
5. Conclusion.............................................................................................. 117



LECTURE 9

Scale Invariance in Fluids with Anticorrelated 
Entropy-Specific Volume Fluctuations

by H.E. Stanley, S.T. Harrington, P.H. Poole and F. Sciortino

1. Introduction........................................................................................... 119
2. The hypothesis....................................................................................... 120
3. Why care?.............................................................................................. 120
4. Why believe?......................................................................................... 121

4.1. Plausibility arguments...................................................................... 121
4.2. Evidence from simulations.............................................................. 123

4.3. Does 1/AT™” extrapolate to zero at (Tc, Pc)?................................. 123

4.4. Is there a « kink »in the Pp isotherms 
for sufficiently low temperature?.......................................... 124

4.5. Is there a unique structure of the liquid near the kink point?..........  124
4.6. Does the coordination number approach four as C is approached? 124
4.7. Is it possible that two apparent« phases » may coexist 

belowl25 C?......................................................................... 125
4.8. Do fluctuations appear on all time scales?....................................... 125
4.9. Is there « critical slowing down » of a characteristic time scale?.... 125
4.10. Is the characteristic dynamics of each « phase » different?..........  126
4.11. Is there evidence for a HDL-LDL critical point 

from independent simulations?............................................. 126
4.12. Evidence from experiments........................................................... 126
4.13. Density fluctuations along the P = 0.1 MPa isobar........................ 127
4.14. Structure along isobars up to P = 600 MPa.................................... 127
4.15. Reversible conversion of LDA to HDA with pressure................. 128

5. Discussion............................................................................................... 128



From Cosmology to Earthquakes

LECTURE 10

Scale Invariance(s) in the Cosmic Matter Distribution?

by M. Lachifeze-Rey

1. Introduction........................................................................................... 133
2. The large scale matter distribution......................................................... 134

2.1. Typical scales................................................................................... 134
2.2. Correlation functions....................................................................... 135

2.2.1. Galaxy - galaxy correlation functions.................................. 135
2.2.2. The cluster - cluster correlation function.............................. 136
2.2.3. Higher order correlations...................................................... 137

2.3. Void and count probability functions.............................................. 137
2.4. Difficulties with correlation functions............................................. 138

2.4.1. Fractal or multifractal dimensions?...................................... 139
3. Scale invariance and dynamics............................................................... 140

3.1. The power spectrum of fluctuations................................................ 140
3.2. Gravitational instability: standard views.......................................... 141
3.3. A time dependent scale for gravitational clustering........................ 142
3.4. A global scale invariance?............................................................... 143
3.5. The hierarchical assumption............................................................ 143

4. Scale invariance in local collpase?........................................................ 144
5. Conclusions............................................................................................ 145

LECTURE 11

Scale Invariance of the Avalanche Effect 
in Phase Transition Modulated Mantle Mixing

by S.L. Butler and W.R. Peltier

1. Introduction............................................................................................ 147
2. Mantle convection with phase transitions............................................... 148



3. A theoretical model................................................................................ 149
4. Results.................................................................................................... 151
5. Discussion and conclusions................................................................... 155

LECTURE 12

Scale Invariance of Earthquakes

by L. Knopoff

1. Earthquake energy distributions............................................................ 159
2. Aftershocks............................................................................................ 162
3. Stress redistribution............................................................................... 164
4. The physics of the clustering of large earthquakes............................... 167
5. The physics of small earthquakes.......................................................... 169
6. Discussion.............................................................................................. 171

From Biology to Finance

LECTURE 13

Models for Evolution and Extinction

by M. Marsili

1. Introduction........................................................................................... 173
2. The Lotka-Volterra equations................................................................ 174
3. Evolution and extinction from Lotka-Volterra equations..................... 176
4. Conclusions............................................................................................ 180



LECTURE 14

Scale Invariance in Economics and in Finance

by D. Zajdenweber

1. Introduction............................................................................................ 185
2. Empirical evidence of single-tail scale invariant distributions 

in economics..................................................................................... 185
3. Mathematical background...................................................................... 188
4. Economic analysis................................................................................. 188

4.1. Absence of characteristic scale in empirical and in theoretical 
economics.............................................................................. 189

4.2. Non democratic sharing................................................................... 190
4.3. Economics of scale.......................................................................... 191
4.4. Stochastic models of gravitational fields......................................... 191
4.5. Theory of ruin and economies of scale............................................ 192
Conclusion.............................................................................................. 193

LECTURE 15

Models of Artificial Foreign Exchange Markets

by B. Chopard and R. Chatagny

1. Introduction........................................................................................... 195
2. The foreign exchange market................................................................ 196

2.1. Ther market makers and brokers..................................................... 196
2.2. The traders....................................................................................... 197

3. Properties of the FX market................................................................... 198
3.1. Exchange rates and market price..................................................... 198
3.2. Spread.............................................................................................. 199
3.3. Change of price................................................................................ 199
3.4. Risk and volatility............................................................................ 200
3.5. Return distribution........................................................................... 201

4. Simulation of the FX market.................................................................. 201



5. Results of our microsimulation............................................................... 203
6. Conclusion.............................................................................................. 204

Beyond Scale Invariance

From Scale Invariance to Scale Covariance

LECTURE 16

From Scale-Invariance to Scale-Covariance 
in Out-of-Equilibrium Systems

by A. Pocheau

1. Introduction........................................................................................... 209
2. Definitions and concepts........................................................................ 209
3. Turbulent propagative fronts................................................................. 211

3.1. Scale-invariant regime..................................................................... 211
3.2. Scale-covariance; scale-covariant laws............................................ 211
3.3. Experimental evidence..................................................................... 214
3.4. Fractal construction in scale space................................................... 216
3.5. Scale-covariance versus scale-similarity......................................... 217

4. Intermittency in fully developed turbulence.......................................... 218
4.1. Scale-invariance as a gauge-invariance........................................... 218
4.2. Scale-covariance of single scale functions....................................... 219
4.3. Observers, measurement procedure and gauge covariance............  219
4.4. Scale-covariant intermittency function............................................ 221

4.4.1. Statistical homogeneity ignored........................................... 221
4.4.2. Statistical homogeneous state............................................... 222

5. Conclusion.............................................................................................. 223



LECTURE 17

Turbulence: Statistical Approach

by B. Castaing

1. Introduction........................................................................................... 225
2. The turbulent velocity profile................................................................ 226

2.1. Dimensional analysis....................................................................... 226
2.2. A first refinement............................................................................. 226
2.3. Second refinement........................................................................... 227

3. Velocity intermittency in turbulence..................................................... 227
3.1. The problem..................................................................................... 227
3.2. The cascade of multipliers............................................................... 228
3.3. Experimental check of infinite divisibility...................................... 230
3.4. Behavior of n(r); first and second refinements................................ 231

4. Markovian approaches and conclusion................................................... 232

Scale Symmetry Breaking

LECTURE 18

Discrete Scale Invariance

by D. Somette

1. What is discrete scale invariance (DSI)?................................................ 235
2. What are the signatures of DSI?............................................................. 236
3. Scenarios leading to DSI......................................................................... 238

3.1. Built-in geometrical hierarchy......................................................... 238
3.2. Diffusion in anisotropic quenched random lattices......................... 239
3.3. Cascade of ultra-violet instabilities: growth processes 

and rupture............................................................................. 240
3.4. Cascades of sub-harmonic bifurcations in the transition to chaos... 241
3.5. Non-local geometry and non-unitary field theory.......................... 242
3.6. Quenched disordered systems.......................................................... 242



4. Other systems.......................................................................................... 243
5. Open problems........................................................................................ 243

LECTURE 19

Scale Relativity

by L. Nottale

1. Introduction............................................................................................ 249
2. Toward a nondifferentiable space-time.................................................. 251
3. Scale invariance and scale relativity....................................................... 252

3.1. Least action principle for scale laws................................................ 252
3.2. Scale-symmetry breaking................................................................ 253
3.3. Special scale-relativity..................................................................... 255

4. Generalized scale laws........................................................................... 256
4.1. Scale « dynamics ».......................................................................... 256

4.1.1. Constant scale-force............................................................. 257
4.1.2. Harmonic oscillator.............................................................. 257

4.2. Discrete scale invariance and log-periodic behavior....................... 258
4.3. Scale-motion coupling and gauge invariance.................................. 259

5. Discussion and open problems.............................................................. 260

LECTURE 20

Scaling in Turbulent Flows

by L. Biferale

1. Introduction........................................................................................... 263
2. Extended self similarity......................................................................... 265
3. Generalized-ESS.................................................................................... 266
4. A theoretical interpretation.................................................................... 267
5. Multiscaling........................................................................................... 272
6. Conclusions............................................................................................ 273



LECTURE 21

Statistical Scale Symmetry Breaking

by B. Dubrulle

1. Introduction........................................................................................... 275
2. Scale invariant case................................................................................ 276
3. Building new tools................................................................................. 277

3.1. The composition rule....................................................................... 277
3.2. The scale transformations................................................................ 278
3.3. Analogy with special relativity........................................................ 279

4. Scale symmetry breaking....................................................................... 280
4.1. Lagrangian framework..................................................................... 281
4.2. An example: the log-normal case.................................................... 281

4.2.1. Dynamics.............................................................................. 282
4.2.2. General scaling..................................................................... 283
4.2.3. Ohmic case........................................................................... 283

5. Conclusion............................................................................................. 285


